UNIT-IV
LTI Systems: Signal Transmission through LTI Systems
Learning Objectives: 

· To know the concept of LTI system
· To understand the filter characteristics of  LTI system

· To understand the concept of Causality and Paley-Wiener Criterion for Physical Realization
Learning outcomes:

After the completion of this chapter, student will be able to

· Define and classify systems

· Find the transfer function of a system

· Define the cutoff frequency of filter
· Design a physically realizable system

Syllabus: LTI Systems
Properties of systems, Linear Time Invariant (LTI) system, Response of LTI system-Convolution Integral, Graphical interpretation; Properties of LTI system, Transfer function and Frequency Response of LTI system.

Signal Transmission through LTI Systems: Filter characteristics of LTI Systems, distortion less transmission through LTI system, Signal bandwidth, System bandwidth, Ideal LP, HPF and BPF characteristics, Causality and Physical reliability- Paley-Wiener Criterion, Relationship between bandwidth and rise-time.

System: A system may be define as “A set of components that are connected together to perform the particular task”. 
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Systems are classified into the following categories:

· Liner and Non-liner Systems

· Time Variant and Time Invariant Systems

· Liner Time variant and Liner Time invariant systems

· Static and Dynamic Systems

· Causal and Non-causal Systems

· Invertible and Non-Invertible Systems

· Stable and Unstable Systems

Liner and Non-liner Systems:
· A system is said to be linear when it satisfies superposition and homogenate principles.

 Consider two systems with inputs as x1(t), x2(t), and outputs as y1(t), y2(t) respectively. Then, according to the superposition and homogenate principles,

T [a1 x1(t) + a2 x2(t)] = a1 T[x1(t)] + a2 T[x2(t)]

T [a1 x1(t) + a2 x2(t)] = a1 y1(t) + a2 y2(t)

From the above expression, is clear that response of overall system is equal to response of individual system.

Example:
 Y(t)=  x2(t)

         When input is x1(t) 

Then output is          y1 (t) = T[x1(t)] = x12(t)

         When input is x2(t)

Then output is           y2 (t) = T[x2(t)] = x22(t)

         When input is a1 x1(t) + a2 x2(t)

The output is     T [a1 x1(t) + a2 x2(t)] = [ a1 x1(t) + a2 x2(t)]2
 Which is not equal to a1 y1(t) + a2 y2(t). Hence the system is said to be non linear.

Time Variant and Time Invariant Systems

· A system is said to be time variant if its input and output characteristics vary with time. Otherwise, the system is considered as time invariant.

The condition for time invariant system is:

                                                                y (n , t) = y(n-t)

The condition for time variant system is:

                                                               y (n , t) ≠ y(n-t)

Where   y (n , t) = T[x(n-t)] = input change  ;  y (n-t) = output change

Example:
                             y(n) = x(-n)

                             then  y(n, t) = T[x(n-t)] = x(-n-t)

                        and   y(n-t) = x(-(n-t)) = x(-n + t)

     ∴  y(n, t) ≠ y(n-t).  Hence, the system is time variant.

Liner Time variant (LTV) and Liner Time Invariant (LTI) Systems

· If a system is both liner and time variant, then it is called liner time variant (LTV) system.

· If a system is both liner and time Invariant then that system is called liner time invariant (LTI) system.

Static and Dynamic Systems

· Static system is memory-less whereas dynamic system is a memory system.

Example : y(t) = 2 x(t)

For present value t=0, the system output is y(0) = 2x(0). Here, the output is only dependent upon present input. Hence the system is memory less or static.

Causal and Non-Causal Systems

· A system is said to be causal if its output depends upon present and past inputs, and does not depend upon future input.

· For non causal system, the output depends upon future inputs also.

Example 1: y(n) = 2 x(t) + 3 x(t-3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2).

Here, the system output only depends upon present and past inputs. Hence, the system is causal.

Invertible and Non-Invertible systems

· A system is said to invertible if the input of the system appears at the output.
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                               Y(S) = X(S) H1(S) H2(S)

                                       = X(S) H1(S) · 1/(H1(S))       since H2(S) = 1/( H1(S) )
                                 ∴ Y(S) = X(S)     or    y(t) = x(t)

            Hence, the system is invertible.

            If y(t) ≠ x(t), then the system is said to be non-invertible.
Stable and Unstable Systems
· The system is said to be stable only when the output is bounded for bounded input. For a bounded input, if the output is unbounded in the system then it is said to be unstable.

Note: For a bounded signal, amplitude is finite.

Example 1:

 y (t) = x2(t)

Let the input is u(t) (unit step bounded input)
    then the output 
         y(t) = u2(t) = u(t) = bounded output.

Hence, the system is stable.

Liner Time Invariant (LTI) Systems

If a system is both liner and time Invariant then that system is called liner time invariant (LTI) system
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Response of Basic LTI System
For linear time-invariant (LTI) systems the convolution integral can be used to obtain the output  (response )from the input and  the system impulse response
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                              h(t) is called impulse response of the system 

Impulse response:  it is obtained at the output of a system by applying impulse signal (i.e. δ (t))

 When  input x(t) =  δ (t)   then  y(t) = h(t).

Properties of LTI Systems : 

· LTI system satisfies homogeneity and liner properties. 
Cascade and Parallel Connections:
For a cascade of two LTI systems having impulse responses h1(t) and h2(t) respectively, the impulse response of the cascade is the convolution of the impulse responses 
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For two systems connected in parallel, the impulse response is the sum of the impulse responses
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Differentiation and Integration of Convolution:

Performing differentiation or integration before a signal enters and LTI system, gives the same result as performing the differentiation or integration after the signal passes through the system
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The Frequency Response Function for LTI Systems : 

 The output of an LTI system can be given in terms of the convolution integral 
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Where we recall that is the (unit) impulse response of a system 

We choose to start the analysis with a single complex sinusoid
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the output is
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We have thus defined the frequency response of an LTI system as [image: image16.png]H(jo) = j’m h(t)e? dr





Transfer function of LTI system:

 It may be defined as the ratio Fourier or Laplace transform of output to Fourier or Laplace transform of input function
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Distortion less transmission:
The output signal of system is an exact replica of the input signal except for two minor modifications.

· A possible scaling of amplitude

·  A constant time delay 

 A signal x(t) is transmitted through a system without distortion if the output signal is defined by y(t)
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The constant  ‘ k’ represents a change in amplitude  and  constant ‘t0’ indicate a delay in transmission

 Using time shifting property  
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The frequency response of  and the impulse response of distortion less system is
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Hence, Conditions for distortion less transmission of CT LTI system with transfer function H(jɷ) is, its magnitude response  and phase shift   for all frequencies are 
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Frequency response for distortion less transmission through a linear time-invariant system
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Signal Band width : 
An energy signal is having its spectral components from   -∞ to +∞. A band of frequencies that contain most of the signal energy is known as the signal Band width. It is selected such that it contains 95% of  total energy.
System Bandwidth: 

A system is specified by magnitude of transfer function ( i.e  | H(ω) |  or |H(S)|) . System bandwidth may be defined as the range of frequencies over which the magnitude of | H(jω) | remains 0.707 times of  its value at mid band
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Filter characteristics of LTI system

For  LTI system the output obtained by

 y(t)= x(t)*h(t) or Y(S)=X(S)H(S)  or Y(ω)=X(ω) H(ω)

· The transfer function H(ω) will modifies the spectral components of input 

· So the system act as a filter for various frequency components

Characteristics of an Ideal Filter:
Ideal filters allow a specified frequency range of interest to pass through while attenuating a specified unwanted frequency range. The following filter classifications are based on the frequency range a filter passes or blocks:

· Low pass filters pass low frequencies and attenuate high frequencies.

· High pass filters pass high frequencies and attenuate low frequencies.

· Band pass filters pass a certain band of frequencies.

· Band stop filters attenuate a certain band of frequencies.

The following figure shows the ideal frequency response of each of the preceding filter types.
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In the previous figure, the filters exhibit the following behavior:

· The low pass filter passes all frequencies below fc.

· The high pass filter passes all frequencies above fc.

· The band pass filter passes all frequencies between fc1 and fc2.

· The band stop filter attenuates all frequencies between fc1 and fc2.

The frequency points  fc , fc1, and fc2 specify the cut-off frequencies for the different filters.

Ideal LPF: The transfer function of an ideal LPF is given by 






|H(ω)|= 1     for   | ω |  < ω c 







= 0
for   | ω |  > ω c 
Ideal HPF: The transfer function of an ideal LPF is given by 






|H(ω)|= 0     for   | ω |  < ω c 







= 1
for   | ω |  > ω c 
Ideal BPF: The transfer function of an ideal LPF is given by 






|H(ω)|= 1     for   | ω 1  | <  ω <| ω 2 |  







= 0
else

Ideal BSF: The transfer function of an ideal LPF is given by 






|H(ω)|= 0     for   | ω 1  | <  ω  <| ω 2 |  







= 1
else
Causality and Paley-Wiener Criterion for Physical Realization:

An LTI system said to be causal, if it has zero impulse response for  ‘t’ less than zero i.e.

 


                                      h(t)= 0 
for  t < 0

Such systems are physically realizable. This is time domain criterion. In frequency domain, the necessary and sufficient condition for a magnitude function H(ɷ) to be physically realizable is 
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The conclusion are:
1. Ideal filters are not physically realizable.

2. Realizable function magnitude characteristics cannot have total attenuation
Relationship between Bandwidth and Rise Time:

The Rise time (t r is defined as the time required to for response to reach from 0% to 100 % of its final value). The band width of system is defined it is the range of frequencies where the band of frequencies are have its gain (transfer function H(ω)) 0.707 of  its maximum value) i.e. the 3dB points deference
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Bandwidth is related with Raise time by 
[image: image29.png]



Assignment-Cum-Tutorial Questions
A. Questions testing the remembering / understanding level of students
	I)  Objective Questions


	
	
	
	



1. The associate property of convolution states that                                                      [        ]
(a) x(t)*h(t) = h(t)*x(t)

(b) x(t)*[h1 (t)+ h2 (t)] = x(t)*h1 (t)+ x(t)*h2 (t) 

        (c)     x(t)*[h1 (t)* h2 (t)] = [x(t)*h1 (t)]*h2 (t) 

        (d)     none

2. An LTI system is one which satisfies the properties of  Linearity and  time invariance
3. The output of an LTI system is unit impulse response, the input is                          [         ]
            (a) Unit impulse
                                    (b) unit Step

                                            (c) Unit ramp
                                                (d) (a) or( b)or (c)

      4.  For a time variant system, the coefficients of differentials equations are function of time.
      5. For distortion less transmission, system bandwidth must be equal to                 [           ]
             (a) Signal bandwidth
                                    (b) twice of signal band width


             (c ) Infinite


                        (d) half of the signal bandwidth

       6. The relation between rise time tr and bandwidth ω c is                                           [          ]
            (a) Directly proportional
                          (b) inversely proportional  

            (c) They are independent                                   (d) none
     7. A linear system obeys the principle of superposition
     8.  The change of shape of the signal when it is transmitted through a system is called [       ]
              (a) Distortion 
        (b) Distortion less
(c) shape outing
(d) none

       9. For a system the product of band width and gain is                                             [         ]
             (a) Constant
        (b) Zero

       (c) rational number
(d) infinite

      10. If the impulse response is absolutely integrable then it is                                     [         ]          
              (a) BIUBO

(b) BIBO
(c) UBIBO
(d) UBIUBO  
  



II) Descriptive Questions
1. Discuss the properties of LTI system.
2. Define impulse response and transfer function of an LTI system. 
3. What is signal bandwidth and system bandwidth?
4. Classify different types of the systems.
5. Explain the causality and physical reliability of a system and hence give the Paley-wiener criterion

6. Explain filter characteristics of an LTI system. 
7. What is distortion less transmission system? Derive the relationship between bandwidth and rise time.

8. Discuss the ideal filter characteristics. Classify different types of filters
   B. Questions testing the ability of students in applying the concepts

I) Objective Questions

1. An LTI system has input X(ω) and output Y(ω). Its transfer function is                 [       ]
(a) X(ω) 
(b)Y(ω)
(c) X(ω) Y(ω)-1 

(d) Y(ω) X(ω)-1 
2. A given system  has transfer function [image: image31.png]jwt2



 , its impulse response is                   [         ]
(a) [image: image33.png]+2t
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 is stable or not?  Stable
4. What is the transfer function of an LTI system characterized by deferential equation [image: image43.png]m,&)
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(d) [image: image51.png]45+3





5. The transfer function of distortion less system is                                                      [        ]
  (a) H(ω)=[image: image53.png]kei@td



 
                               (b) H(ω)=[image: image55.png]ke jwtd



 


(c) H(ω)= k (t-td  )
                               (d) H(ω)=k 
6. Check the system y(t)= x(t/3) u(t) is                                                                         [        ]
(a)  Casual 

(b) Non causal 
(c) both (a) and (b)

(d) None
7. The systems given below are dynamic or not? (i) y(t)=x(t-3)

(ii) [image: image57.png]a2 x(t)
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8. Check the system [image: image59.png]y(t) = x2(t) + x(t — 4)



 is causal or not? 
II) Problems
1. Consider an LTI system that is characterized by the differential equation 
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 . Find its response for the input [image: image63.png]e~ tu(t)



. 
     Ans:
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2. For a causal LTI system with frequency response H(ω)=[image: image66.png]P



. For a particular input x(t) it is  

    observed that the output is [image: image68.png]y(t) = (e —e™*)u(t)



. Find its input x(t).
    Ans: 
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3. The input voltage to an RC network is x(t)=[image: image71.png]te™3
e fu(t)



 and the impulse response is [image: image73.png]2e~*u(t).



 Determine y(t). 
Ans:
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4. Check whether the following systems are linear or not       
a) 
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     Ans: Linear
b) 
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c) 
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              Ans: Linear
d) 
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                 Ans:Non Linear
5. Determine whether the following systems are time invariant or not. 
           a) 
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           b) 
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           c) 
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           d) 
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Ans:Time variant
6. Find whether the following systems are stable or not. 
           a) 
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          Ans: unstable
           b)
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           c) 
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     Ans: unstable
C. Gate Questions:

Gate 2014

 [image: image86.png]Theinput z(t)andoutput y(#) of asystemarerelated as y(f) = [z
. The system is -
(A) time-invariant and stable

(B) stable and not time-invariant

(C) time-invariant and not stable

(D) not time-invariant and not stable




Gate 2012
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Gate 2010

[image: image88.png]"The eystem represented by the input-output relationship

y(t) = fz(’r)d'r >0
(A) Linear and causal (B) Linear but not causal
(C) Causal but not linear (D) Neither liner nor causal




Gate 2008

[image: image89.png]A signal ¢“'sin(wt) is the input to a real Linear Time Invariant system.
Given K and ¢ are constants, the output of the system will be of the form
Ke™sin (vt + ¢) where

(A) 5 need not be equal to a but v equal to w

(B) v need not be equal to w but 3 equal to a

(C) B equal to a and v equal to w

(D) § need not be equal to a and v need not be equal to w




Gate 2007

[image: image90.png]A system with z(f) and output y(#) is defined by the input-output relation :
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(D) non-casual, time-variant and unstable
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