
STRUCTURAL ANALYSIS – II 

 
SYLLABUS: 

 

UNIT I 

 Three Hinged Arches: Elastic theory of arches – Eddy’s theorem – Determination of 

horizontal thrust, bending moment, normal thrust and radial shear – effect of temperature. Hinges 

with supports at different levels. 

Two Hinged Arches: Determination of horizontal thrust, bending moment, normal thrust 

and radial shear – Rib shortening and temperature stresses, Tied arches – Fixed arches – (No 

analytical question). 

 

UNIT-II 

 Lateral Load Analysis Using Approximate Methods: application to building frames. 

(i) Portal Method (ii) Cantilever Method. 

 

UNIT – III 

 Cable Structures and Suspension Bridges: Introduction, characteristics of cable, 

analysis of cables subjected to concentrated and uniformly distributed loads, anchor cable, 

temperature stresses, analysis of simple suspension bridge, three hinged and two hinged 

stiffening girder suspension bridges. 

 

UNIT – IV  

Moment Distribution Method: Stiffness and carry over factors – Distribution factors – 

Analysis of continuous beams with and without sinking of supports – Portal frames – including 

Sway-Substitute frame analysis by two cycle. 

 

UNIT – V 

 Kani’s Method: Analysis of continuous beams – including settlement of supports and single 

bay portal frames with and without side sway. 

 

UNIT – VI  

Introduction to Matrix Methods: Flexibility methods: Introduction, application to 

continuous beams (maximum of two unknowns) including support settlements. Stiffness method: 

Introduction, application to continuous beams (maximum of two unknowns) including support 

settlements. 

  



UNIT –I 

THREE HINGED ARCHS 

AND 

TWO HINGED ARCHES 

Three Hinged Arches: Elastic theory of arches – Eddy’s theorem – Determination of 

horizontal thrust, bending moment, normal thrust and radial shear – effect of temperature. Hinges 

with supports at different levels. 

Two Hinged Arches: Determination of horizontal thrust, bending moment, normal thrust 

and radial shear – Rib shortening and temperature stresses, Tied arches – Fixed arches – (No 

analytical question). 

 

Three hinged arches 

Statically determinate 

Increase in temperature causes increases in central rise. No stresses 

Easy to analyse. But, in construction, the central hinge may involve additional 

expenditure. 

Since this is determinate, no stresses due to support sinking 

 Two hinged arches 

Statically indeterminate to first degree 

Might develop temperature stresses. 

Structurally more efficient. 

Will develop stresses due to sinking of supports 

 



 

 

1.A three hinged parabolic arch hinged at the crown and springing has a 

horizontal span of 12m and a central rise of 2.5m. it carries a udl of 30 kN/m 

run over the left hand half of the span. Calculate the resultant at the end 

hinges. 

 

Let us take a section X of an arch. Let ?be the inclination of the tangent at X. if 

H is the horizontal thrust and V the net vertical shear at X, from theb free body of 

the RHS of the arch, it is clear that V and H will have normal and radial 

components given by, 

 N = H cos ?+ V sin ? R = V cos?–H sin ? 

 



 The normal thrust and radial shear in an arch rib. 

Parabolic arches are preferable to carry distributed loads. Because, both, the shape 

of the arch and the shape of the bending moment diagram are parabolic. Hence the 

intercept between the theoretical arch and actual arch is zero everywhere. Hence, 

the bending moment at every section of the arch will be zero. The arch will be 

under pure compression that will be economical. 

Difference  between  the  basic  action  of  an  arch  and  a suspension cable 

An arch is essentially a compression member, which can also take bending 

moments and shears. Bending moment and shears will be absent if the arch is 

parabolic and the loading uniformly distributed. 

          A cable can take only tension. A suspension bridge will therefore have a 

cable and a stiffening girder. The girder will take the bending moment and shears 

in the bridge and the cable, only tension. 

      Because of the thrust in cables and arches, the bending moments are 

considerably reduced. 

           If the load on the girder in uniform. The bridge will have only cable tension 

and no bending moment on the girder. 

 Under what conditions will the bending moment in an arch be zero 

throughout 

The bending moment in an arch throughout the span will be zero, if 

         (i)                The arch is parabolic and 

         (ii)             The arch carries udl throughout the span 

2.A three-hinged semicircular arch carries a point load of 100 kN at the 

crown. The radius of the arch is 4m. Find the horizontal reactions at the 

supports. 

VA = VB = 50 kN 



 

Equating the moment about C to Zero, VA * 4 –H*4 = 0 

H = VA 

Horizontal reaction, H = 50 kN 

   

3.A three-hinged semicircular arch of radius 10m carries a udl of 2 kN/m over 

the span. Determine the horizontal and vertical reactions at the 

supports. 

 

Determine H, VA and VB in the semicircular arch shown in fig 



 

Equating moments about A to Zero, 

VB * 12 –12 * 9 = 0; 

VB = 9 kN                                and VA = 3 kN 

Equating moments to the left of C to zero, 

H = VA = 3 kN;                                 H= 3 kN 

  

Distinguish between two hinged and three hinged arches. 

 

Rib –shorting in the case of arches. 

  

In a 2-hinged arch, the normal thrust, which is a compressive force 

along the axis of the arch, will shorten then rib of the arch. This is turn will release 

part of the horizontal thrust. 

  

Normally, this effect is not considered in the analysis (in the case 

of two hinged arches). Depending upon the important of the work we can either 



take into account or omit the effect of rib shortening. This will be done by 

considering (or omitting) strain energy due to axial compression along with the 

strain energy due to bending in evaluating H. 

  

Effect of yielding of support in the case of an arch. 

  

Yielding of supports has no effect in the case of a 3 hinged arch which is 

determinate. These displacements must be taken into account when we analyse 2 

hinged or fixed arches as under 

 

Here U is the strain energy of the arch ?H and ?VA are the displacements due to 

yielding of supports. 

 

5.A three-hinged parabolic arch has a horizontal span of 36m with a central 

rise of 6m. A point load of 40 kN moves across the span from the left to the 

right. What is the absolute maximum positive bending moment that wills 

occur in the arch 

  



 
 

 

For a single concentrated load moving from one end to the other, Absolute 

maximum positive bending moment 

 = 0.096wl = 0.096*40 * 36=138.24 kNm This occurs at 0.211 l = 0.211 * 36 = 

7.596 m from the ends. 

 Absolute maximum positive bending moment = 138.24 kNm at 7.596 m from the 

ends. 

 6.A 3 hinged arch of span 40m and rise 8m carries concentrated loads of 200 

kN and 150 kN at a distance of 8m and 16m from the left end and an udl of 50 

kN/m on the right half of the span. Find the horizontal thrust.  



 

Solution: 

(a) Vertical reactions VA and VB : 

  

Taking moments about A, 

200(8) + 150(16) + 50 * 20 * (20 + 20/2) –VB (40) = 0 

1600 + 2400 + 30000 –40 VB = 0 

VB= = 850 kN 

VA = Total load –VB = 200 + 150 + 50 * 20 –850 = 500 kN 

 (b) Horizontal thrust (H) 

 Taking moments about C, 

-H x 8 + VA (20) –200 (20 –8) –150 (20 –16) = 0 -8H + 500 * 20 –200 (12) –150 

(4) = 0 

 H = 875 kN 

  

7.A parabolic 3-hinged arch carries a udl of 30kN/m on the left half of the 

span. It has a span of 16m and central rise of 3m. Determine the 

resultant reaction at supports. Find the bending moment, normal thrust 

and radial shear at xx, and 2m from left support. 

 Solution: 



 

  

(1) Reaction at A nd B; 

  

     (i)                Vertical components of reactions; 

 Taking moments about A, 

-VB (16) + 30 x 82 /2 = 0 

 – VB (16) + 30 * 32 = 0 VB = 60 kN 

 VA = Total load –VB = 30 * 8 –60 kN VA = 180 kN 

  

    (ii)                Horizontal components of reactions at A and 

  

 



 

(2) Bending moment at x = 2m from A: 

 

Bending moment = VA (2) –30 * 2 *1 –HA(y)  —- (1) 

 

Substitute in (1)y = 1.3125 m at x = 2m fromA’‘. 

Bending moment at x                            = 2m from A = 180 (2) –30 * 2 * 1 –160 * 

1.3125 

Bending moment at xx                          = 90 kNm 

  

(3) Radial shear force at x = 2m from A 

  

Shear force, RX = Vx cos ?–H sin ? Where, V = Net vertical shear force at x 

= 2m from A 

= VA – w (2) = 180 –30 * 2 V = 120 kN 

  

H = Horizontal shear force = 160 kN 



 

(4) Normal thrust at x = 2m from A: 

Normal thrust PN = Vx sin?+ H cos ?= 120 sin 29º21’+160cos 29º21’ PN = 198.28 

kN. 

  

8.A parabolic 3-hinged arch carries loads as shown in fig. Determine the 

resultant reactions at supports. Find the bending moment, normal 

thrust and radial shear at D, 5m from A. What is the maximum bending 

moment 

  

Solution: 

(1)Reaction at supports: (RA and RB) 

  

(i) Vertical components of RA and RB : (VA and VB) Taking moments about A, 

  

20 * 3 + 30 (7) + 25 * 10 * (10 +10/2) –VB *(20) = 0 VB = 201 kN 

  



VA = Total load –VB = 20 + 30 + 25 * 10 -201 VA = 99 kN 

  

(ii) Horizontal thrust (H): 

Taking moments about the crown point C, considering the right side of ‘C’, 

-VB (20/2) + H (5) + 25 * 10 *5 = 0 -201 * (20/2) + 5 H + 1250 + 0 

  

H = 125 kN (iii) Resultant reactions RA and RB ; 

 

2. Bending moment, normal thrust and radial shear force (at D): 

 



(iii) Normal thrust 

  

P = V sin ?+ H cos ? 

V = Net beam shear force = VA –20 V = 99 –20 = 79 kN 

  

Substitute in (iii) P = 79 sin ?+ 152 cos ?= 179.28 kN (iv) Radial shear force 

  

F = V cos ?–H sin ? 

F = 79 cos ?–152 sin ?= 2.683 kN 

  

3. Maximum Bending Moment in CB: 

  

Considering a section xx at a distance of ‘x’ fromm B‘’ BMxx = 254KNM 

  

9.A 3-hinged arch is circular, 25 m in span with a central rise of 5m. It is loaded 

with a concentrated load of 10 kN at 7.5m from the left hand hinge. Find the 

(a) Horizontal thrust 

(b) Reaction at each end hinge 

(c)  Bending moment under the load 

 Solution: 

 



Vertical reactions VA and VB: 

  

Taking moments about A, 10(7.5) –VB (25) = 0 

VB = 3 kN 

VA = Total load –VB = 10 -3 = 7 kN 

  

1.Horizontal thrust (H): 

Taking moments about C 

 



 

  

10.A three hinged circular arch of span 16m and rise 4m is subjected to two 

point loads of 100 kN and 80 kN at the left and right quarter span 

points respectively. Find the reactions at supports. Find also the 

bending moment, radial shear and normal thrust at 6m from left 

support. 

  

Solution: 



  

 
(a) Reaction at A and B: 

  

(i)    Vertical components of reactions at A and B: 

  

Taking moment about A, 

100 (4) + 80(12) –VB(16) = 0 VB = 85 kN. 

  

VA = Total load – VB = (100+80)-85 VA = 95 kN. 

  

b. Horizontal components of reactions at A and B; Taking moments about the 

crone points C 

  

VA(8) -H(YC) – 100(4) = 0 95 (8) –H (yC ) –100 (4) = 0 

H = 90 kN 

(iii)Resultant reactions at A and B: 

 



b) Bending moment at 6m from the left support: 

 
(c) Radial shear force ‘F’   : 

 

R = V cos ?- H sin ? 

V = net shear force at x = 6m from A 

= VA -100 = 95 –100 = -5 kN H = 90 kN 

  

R = -5 cos (11º32’)–90 sin (11º32’)= – 22.895 R = -22.89 kN 

  



 
 

 
 

11.A symmetrical three hinged parabolic arch of span 40m and rise 8m 

carries an udl of 30 kN/m over left of the span. The hinges are provided at 

these supports and at the center of the arch. Calculate the reactions at the 

supports. Also calculate the bending moment, radial shear, normal thrust at 

distance of 10 m from the left support. 

  

Solution: 

  

 
(1) Reactions at the supports: 

  

(i)Vertical components; 

  

Taking moments about A, 



 

Vertical component of RB,    VB = 150 kN 

VA = Total load –VB = 30 * 20 –150 = 450 kN 

  

  

(iii)Horizontal components 

  

Taking moments about the crown, ‘C’, 

 
  

(22) Bending moment at 10 m from A: 



 

(3)Radial shear force at x = 10m: 

  

R = Radial shear force = V cos ?–H sin ? Where, V = Net vertical 

shear force at x = 10m from A 

  

H = Horizontal thrust. 

 

Radial shear force, R = V cos ?–H sin ? 

R = 150 cos   21º–37548’sin   21º48’ 



R = 0 

(4) Normal thrust at x = 10m from ‘A’: 

  

Normal thrust, N = V sin ?+ H cos ?= 150 sin 21º48’375 cos+ 21?48’ N = 403.89 

kN 

  

12.A parabolic 3-hinged arch of span ‘l’issubjected to an u.d.l of w/m run over the 

entire span. Find the horizontal thrust and bending moment at any section 

XX. 

  

Solution: 

 

(a) Reactions (Vertical) at the supports: 

  

As the loading is symmetrical, vertical reactions at A and B are equal VA = VB = Total 

load/2 = wl/2 

  

(b) Horizontal thrust: 

Taking moments about the crown point C, 



 
(c)  Bending moment at xx; 

 

  

  

  

 

 

 



UNIT II 

APPROXIMATE METHODS 

Lateral Load Analysis Using Approximate Methods: application to building frames. 

(i) Portal Method (ii) Cantilever Method. 

Introduction :Approximate analysis of hyper static structures provides a simple means of 

obtaining quick solutions for preliminary designs. It is a very useful process that helps to develop 

a suitable configuration for final (rigorous) analysis of a structure, compare alternative designs & 

provide a quick check on the adequacy of structural designs. These methods make use of 

simplifying assumptions regarding structural behavior so as to obtain a rapid solution to complex 

structures. However, these techniques should be applied with caution & not relied upon for final 

designs, especially complex structures. 

The usual process comprises reducing the given indeterminate configuration to a structural 

system by introducing adequate number of hinges. It is possible to check the deflected profile of 

a structure for the given loading & there by locate the points of inflection. 

Since each point of inflection corresponds to the location of zero moment in the structure, the 

inflection points can be visualized as hinges for purpose of analysis. The solution of the structure 

is rendered simple once the inflection points are located. In multistoried frames, two loading 

cases arise namely horizontal & vertical loading. 

The analysis is carried out separately for these two cases: 

VERTICAL LOADS: 

The stress in the structure subjected to vertical loads depends upon the relative stiffness of the 

beam & columns. Approximate methods either assumes adequate number of hinges to render the 

structure determinate or adopt simplified moment distribution methods. 

HORIZONTAL LOADS: 

The behavior of a structure subjected to horizontal forces depends on its height to width ratio. 

The deformation in low-rise structures, where the height is smaller than its width, is 

characterized predominantly by shear deformations. In high rise building, where height is several 

times greater than its lateral dimensions, is dominated by bending action. There are two methods 

to analyze the structures subjected to horizontal loading. 

PORTAL METHOD: 

Since shear deformations are dominant in low rise structures, the method makes simplifying 

assumptions regarding horizontal shear in columns. Each bay of a structure is treated as a portal 

frame, & horizontal force is distributed equally among them. 



 

The assumptions of the method can be listed as follows: 

1. The points of inflection are located at the mid-height of each column above the first floor. If 

the base of the column is fixed, the point of inflection is assumed at mid height of the ground 

floor columns as well; otherwise it is assumed at the hinged column base. 

2. Points of inflection occur at mid span of beams. 

3. Total horizontal shear at any floor is distributed among the columns of that floor such that the 

exterior columns carry half the force carried by the inner columns.      

 CANTILEVER METHOD: 

This method is applicable to high rise structures. This is based on the simplifying assumptions 

regarding the Axial Force in columns. 

1. The basic assumption of the method can be stated as “the axial force in the column at any floor 

is linearly proportional to its distance from the centroid of all the columns at that level.  

Assumptions 1&2 of the portal are also applicable to the cantilever method. 

 

 

The portal method is an approximate analysis used for analyzing building frames subjected to 

lateral loading such as the one shown in Fig.1. This method is more appropriate for low rise 

buildings with uniform framing. 

 
 

 

Example and Solution 



The following example illustrates the procedure involved in the analysis of building frames by 

the portal frame method. 

Example  

It is required to determine the approximate values of moment, shear and axial force in each 

member of frame as shown in Fig. 4, using portal method. 

 
 

Solution 

Considering the first upper storey, inflection points are assumed at mid height on each column. 

We obtain the shear in each column from a free body diagram of the structure above the hinge 

level by assigning shear to the interior column equal to twice the shear in exterior column as 

shown in Fig. 5. 

By taking summation of horizontal forces of Fig. 5, the unknown forces can be computed as 

follow: 

H + 2H + H = 20  ==> H = 5 kN 

Fig. 5: Distribution of shear among 

columns 

Inflection points are also assumed at the centre of beams GH and HK. The member forces in the 

upper part of the frame can be evaluated from the free body diagram of the parts shown in Fig. 6 

beginning with G or from K and working across. The resulting forces must check with the free 

body diagram at the opposite end. The resulting forces are indicated on the diagram. 



Fig. 6: Free-body 

diagram of parts of upper storey 

Again inflection points are assumed at mid-height of lower storey columns and the shear is 

distributed as in the upper storey. Thus, in the lower storey, the horizontal forces can be 

computed using the following expression: 

H + 2H + H = 60 kN ==> H = 15 kN. 

The forces in the members of the lower storey are obtained from the free body diagrams of Fig. 

7. The maximum moment in each member of the structure is readily obtained once the value of 

shear at the inflection points have been determined. 

Fig. 7: Free 

body diagrams of parts of lower storey 

The moment diagram drawn on the frame on the tension side of the members is shown in figure 

4. The maximum values of shear and axial forces are indicated along each member. The shears 

are shown without any sign. The positive value of the axial force indicates tension. 



 
 

The Cantilever Method 

The cantilever method is very similar to the portal method. We still put hinges at the middles of 

the beams and columns. The only difference is that for the cantilever method, instead of finding 

the shears in the columns first using an assumption, we will find the axial force in the columns 

using an assumption. 

The assumption that is used to find the column axial force is that the entire frame will deform 

laterally like a single vertical cantilever. This concept is shown in Figure 7.8. When a cantilever 

deforms laterally, it has a strain profile through its thickness where one face of the cantilever is 

in tension and the opposite face is in compression, as shown in the top right of the figure. Since 

we can generally assume that plain sections remain plane (see Chapter 5), the strain profile is 

linear as shown. The relative values of the tension and compression strain are dependant on the 

location of the neutral axis for bending, which is in turn dependant on the shape of the 

cantilever's cross-section. 

http://www.learnaboutstructures.com/Cantilever-Method#fig:Cantilever-Method
http://www.learnaboutstructures.com/node/37


 

Figure 7.8: Cantilever Method for the Approximate Analysis of Indeterminate Frames 

The cantilever method assumed that the whole frame will deform laterally in the same way as the 

vertical cantilever. The location of the neutral axis of the whole frame is found by considering 

the cross-sectional areas and locations of the columns at each storey: 

x¯=∑i(Aixi)∑iAi(1) 

http://www.learnaboutstructures.com/sites/default/files/images/6-Approximate/Cantilever-Method.png


where x¯ 

is the horizontal distance between the location of the neutral axis and the zero point, Ai is the area of 

column i, and xi is the horizontal distance between column i 

and the zero point. The location zero does not matter, but is commonly set as the location of the 

leftmost column. 

Once we know the location of the neutral axis, using the assumption that the frame behaves as a 

vertical cantilever, we know that the axial strain in each column will be proportional to that 

column's distance from the neutral axis, just like the strain in any fibre a distance x 

away from the neutral axis of a cantilever is proportional to the distance x. Since we are assuming that all 

of our materials are linear (stress is linear to strain), then this also means that the axial stress in each 

column is proportional to it's distance from the neutral axis of the frame. Also, columns on one side of the 

neutral axis will be in tension, and columns on the other side of the neutral axis will be in compression. 

The linear axial stress profile for a sample structure is shown at the bottom of Figure 7.8. If we assume an 

unknown value for the stress in the left column (σ1 in the figure) then the cantilever method can be used 

to find the stress in the other two columns as a function of their relative distance from the neutral axis as 

shown in the figure. From these relative stresses, we can determine the force in each column as a function 

of stress σ1. Then, using a global moment equilibrium, we can solve for σ1 

, and therefore for the axial force in each column. From this point, the structure is again broken 

into separate free body diagrams between the hinges as was done for the portal method and all of 

the remaining unknown forces at the hinges are found using equilibrium.  

Since this method relies on the frame behaving like a bending cantilevered beam, it should 

generally be more accurate for more slender or taller structures, whereas the portal method may 

be more accurate for shear critical frames, such as squat or short structures. 

Example 

The details of the cantilever method process will be illustrated using the same example structure 

that was used for the portal method (previously shown in Figure 7.4). 

The most important part of the cantilever method analysis is to find the axial forces in the 

columns at each storey. We will start with the top story as shown at the top of Figure 7.9. 

http://www.learnaboutstructures.com/Cantilever-Method#fig:Cantilever-Method
http://www.learnaboutstructures.com/node/55#fig:Portal-Frame-Example
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA


 

Figure 7.9: Cantilever Method Example - Determining Column Axial Forces 

 

http://www.learnaboutstructures.com/sites/default/files/images/6-Approximate/Portal-Frame-Example-CMA.png


First, we must find the location of the neutral axis for the frame when cut at the top story using 

equation (1) 

(the column cross-sectional areas are the same for both storeys and are shown in Figure 7.4): 

x¯x¯x¯=∑i(Aixi)∑ixi=10000(0)+20000(5)+15000(10)10000+20000+15000=5.555m 

where the location of the left column is selected as the zero point. 

Knowing the neutral axis location (as shown in the top diagram of Figure 7.9), we can determine 

the axial stress in all of the columns in the top storey. We will do this in terms of the stress in the 

left column, which we will call σ2 

as shown. The stress in the middle column will be equal to σ2 

multiplied by the ratio of the distance from the second column to the neutral axis to the distance 

from the first column to the neutral axis: 

(0.565.56)σ2=0.1σ2 

Likewise, the stress in the right column will be: 

(4.445.56)σ2=0.8σ2 

From these stresses, we can determine the force in the columns by multiplying the stress in each 

column by it's cross-sectional area as shown in the top diagram of Figure 7.9. Also, the left and 

middle columns are on the tension side of the neutral axis, so the column axial force arrows will 

point down as shown (pulling on the column) and the right column is on the compression side of 

the neutral axis, so the column axial force arrow for that column will point up as shown. 

Now, we can use a moment equilibrium on the top story free body diagram in Figure 7.9 to solve 

for the unknown stress. We will use the moment around point f: 

↶∑Mf−100kN(2m)−Acol2(0.1σ2)(5m)+Acol3(0.8σ2)(10m)−100kN(2m)−(0.02m2)(0.1σ2)(5m)+(0.015m2)(0.8σ2)(10m)σ2=

1818.2kN/m2=0=0=0 

This resulting stress in the left column may be subbed back into the equations for the force in 

each column shown in the figure to get forces of 18.2kN↓ 

in the left column, 3.6kN↓ in the middle column, and 21.8kN↑ 

in the right column. 

http://www.learnaboutstructures.com/Cantilever-Method#mjx-eqn-eqframe-neutral-axis
http://www.learnaboutstructures.com/node/55#fig:Portal-Frame-Example
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA


For the lower story, the column areas are the same, so the neutral axis will be located in the same 

place as shown in the lower diagram in Figure 7.9. This means that the relative stresses will also 

be the same. To solve for the stresses in the left column again for the lower storey (σ1 

), we need to take a free body diagram of the entire structure above the hinge in the middle of the lower 

column (as shown in the figure). We should cut the lower storey at the hinge location because that way 

we do not have any moments at the cut (since the hinge is, by definition, a location with zero moment). If 
we chose to cut the structure at the base of the columns instead, we would have additional point moment 

reaction at the base of each column which would have to be considered in the moment equilibrium (which 

are unknown). Such moment reactions at the base of the columns are shown in Figure 7.8. These extra 

moments would make it impossible to solve the equilibrium equation for σ1. So, taking the cut at the 

lower hinges as shown in the lower diagram in Figure 7.9, we can solve for σ1 

using a global moment equilibrium about point a: 

↶∑Ma−100(6)−50(2)−(0.02)(0.1σ1)(5)+(0.015)(0.8σ1)(10)σ1=6363.6kN/m2=0=0 

This resulting stress in the left column may be subbed back into the equations for the force in 

each column shown in the figure to get forces of 63.6kN↓ 

in the left column, 12.7kN↓ in the middle column, and 76.4kN↑ 

in the right column. 

From this point forward, the solution method is the same as it was for the portal method. Split 

each storey free body diagram into separate free body diagrams with cuts at the hinge locations, 

and then work methodically through using equilibrium to find all of the unknown forces at the 

hinge cuts. This process is illustrated in Figure 7.10. 

http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA
http://www.learnaboutstructures.com/Cantilever-Method#fig:Cantilever-Method
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMA
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMB


 

Figure 7.10: Cantilever Method Example - Analysis for Internal Member Forces at Hinge Locations 

http://www.learnaboutstructures.com/sites/default/files/images/6-Approximate/Portal-Frame-Example-CMB.png


Like the portal frame example, the free body diagrams in Figure 7.10 are annotated with 

numbers in grey circles to show a suggested order for solving all of the unknown forces. Of 

course, as before, step 0 and step 1 consist of known values, either caused by external forces or 

the previous storey (for step 0) or the column axial forces that were solved using the cantilever 

method assumptions (for step 1). The rest of the unknowns are solved for using vertical, 

horizontal or moment equilibrium. 

Once all of the unknown forces at the hinges are found, the shear and moment diagrams for the 

frame may be drawn using the same methods that were used for the previously described portal 

method analysis example. The final shear and moment diagrams for this analysis are shown in 

Figure 7.11. This figure shows both the values from this cantilever method analysis compared 

with the previous portal method analysis example results (in square brackets). This shows that 

with a significantly different set of assumptions for this example frame, we get similar shear and 

moment diagrams using the two different methods. 

The Portal Method 

The portal method is based on the assumption that, for each storey of the frame, the interior 

columns will take twice as much shear force as the exterior columns. The rationale for this 

assumption is illustrated in Figure 7.3. 

http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMB
http://www.learnaboutstructures.com/Cantilever-Method#fig:Portal-Frame-Example-CMC
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Figure 7.3: Portal Method for the Approximate Analysis of Indeterminate Frames 

http://www.learnaboutstructures.com/sites/default/files/images/6-Approximate/Portal-Method.png


Let's consider our multi-storey, multi-bay frame as a series of stacked single storey moment 

frames as shown at the top of Figure 7.3. The columns on either end of each individual portal 

frame are likely similar size because they would each equally share the gravity load from above. 

When we join these all together into a stacked system, we can see, as in the figure, that the 

interior columns have two portal frame columns each since they need to take axial force from the 

left and from the right (whereas the exterior columns only take gravity loads from the left or 

right). So, if we combine all of these individual portal frames together, our interior column (the 

sum of the two individual portal frame columns) will need to be twice as strong as the exterior 

columns. 

If the interior columns are twice as strong, they may also be approximately twice as stiff (as 

shown in the diagram at the top right of Figure 7.3). If we then have three columns in parallel as 

shown and they all share the total lateral load at the top as shown, then they will resist the total 

load in shear in proportion to their relative stiffness. A column that is twice as stiff will take 

twice as much load for the same lateral displacement. 

So, it may be reasonable to assume that, since the interior columns are approximately twice as 

big, and therefore twice as stiff, as the exterior columns, those interior columns will take twice as 

much shear as the exterior columns. This is the basis of the portal method assumption. 

This assumption is valid for the columns at every storey as shown in Figure 7.3. So, the portal 

method provides us with the shear force in each column at each storey in the structure. In our 

example structure, for any given free body diagram cutting at the hinge location at a single 

storey, the system will be 2° 

indeterminate. If we know the shear in the middle column in relation to the shear at the left column, that 

eliminates one unknown (we assume the middle column has twice as much as the left column 2F1). If we 

know the shear in the right column in relation to the shear at the left column, that eliminates another 

unknown (we assume they are equal). These two assumptions eliminate the remaining 2° 

of static indeterminacy, meaning that we can find the rest of the unknowns using the equilibrium 

equations only. The portal method assumptions do not give us three known forces because we 

still have to solve for the force in the left column using horizontal equilibrium before we can use 

that force to find the forces in the middle and right columns. 

Example 

An example indeterminate frame that may be solved using the portal method is shown in 

Figure 7.4. The column areas are given for use with the cantilever method which will be 

discussed in the next section. For now we will only analyse this structure using the portal 

method. 
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Figure 7.4: Indeterminate Frame Approximate Analysis Example 

 

The first step in the portal method analysis is to add hinges at the centre span or height of all the 

beams and columns (except for the lower storey if the column bases are pinned), and then 

determine the column shears at each storey using the portal method assumptions. This process is 

illustrated in Figure 7.5. The new hinges are shown in the figure at points a through j.  

http://www.learnaboutstructures.com/Portal-Method#fig:Portal-Frame-Example-PMA
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Figure 7.5: Portal Method Example - Determining Column Shears 

To determine the column shears for each storey, two different section cuts are made. For the top 

storey (shown in the middle of Figure 7.5), a section cut is made through the hinges at points f, g, 

and h (although for the portal method, this cut could be anywhere along the height of the storey 

when finding the column shear). To find the shear force in the left column (F2), the force in the 

middle column is assumed to be equal to twice the force in the left column (2F2 since it is an 

interior column) and the force in the right column is assumed to be equal to the force in the left 

http://www.learnaboutstructures.com/Portal-Method#fig:Portal-Frame-Example-PMA
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column (F2). Then, using horizontal equilibrium applied to the whole free body diagram of the 

top storey: 

→∑Fx100−F2−2F2−F24F2F2=0=0=100=25kN← 

Therefore, the shear in the exterior columns in the second storey is 25kN 

and the shear in the interior column is 50kN 

. For the lower storey (shown in the bottom of Figure 7.5), a section cut is made through the 

hinges at points a, b, and c. Similarly: 

→∑Fx100+50−F1−2F1−F14F1F1=0=0=150=37.5kN← 

Therefore, the shear in the exterior columns in the first storey is 37.5kN 

and the shear in the interior column is 75kN 

. 

Now that we know the column shears, the rest of the analysis uses only equilibrium to find the 

rest of the forces in the frame. To do so, the entire frame is cut into separate pieces at every hinge 

location. This is useful because each piece of the structure between the hinges can be analyse 

with the knowledge that the moment at the hinge is always zero. This process is illustrated in 

Figure 7.6.  
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Figure 7.6: Portal Method Example - Analysis for Internal Member Forces at Hinge Locations 

http://www.learnaboutstructures.com/sites/default/files/images/6-Approximate/Portal-Frame-Example-PMB.png


To analyse the frame, it is helpful to start at the top of the structure and work our 

way down. The previous free body diagram of the top storey from Figure 7.5 with 

the known column shears is shown at the top of Figure 7.6. This free body diagram 

is further split into three pieces as shown directly below, cutting the storey apart at 

the hinge locations in the beams (at points i and j). The numbers that are shown in 

grey circles provide a suggested order for the analysis that will be described here. 

This is not the only order that is possible, there are many ways to solve this 

structure. The goal of this analysis is to find all of the unknown vertical and 

horizontal loads at the hinge locations. The force for step 0 is a given: don't forget 

to include the external lateral load of 100kN 

. Step 1 loads are from the portal method analysis, giving the column shears for each column at 

points f, g, and h (the results of which are shown at the top of the figure). Now that all of the 

previously known forces are included on the free body diagrams, we can use equilibrium to find 

the remaining unknowns. In step 2, we can use horizontal equilibrium for the left free body 

diagram to find the horizontal load at point i to be equal to 75kN←. Don't forget that on the 

other side of the cut at point i (the right side) the horizontal force at point i must point in the 

opposite direction (75kN← 

). At the same time in step 2, horizontal equilibrium of the middle free body 

diagram for the top storey can be used to find the horizontal load at point j (which 

is also in opposite directions on either side of the cut at j). In step 3, moment 

equilibrium around point i may be used to find the vertical load at point f. In step 4, 

vertical equilibrium is used to find the final unknown for the left free body 

diagram, the vertical load at point i. Don't forget to transfer that load to the other 

side of the cut at point i. Like the horizontal load, the vertical load on the other side 

of the cut at point i must point in the opposite direction. Moving onto the middle 

free body diagram for the top storey, in step 5, moment equilibrium about point j is 

used to solve for the vertical load at point g (which happens to be 0). Then in 

step 6, vertical equilibrium is used on the middle free body diagram to find the 

vertical load at point j, which is also transferred in the opposite direction to the 

other side of the cut. Last, in step 7, vertical equilibrium on the right free body 

diagram for the top storey is used to find the final remaining unknown, the vertical 

load at point h. Again, this step-by-step method is not the only order that can be 

used to solve for the unknowns. The important thing is to look at how you can use 

some equilibrium equation to solve for one of the remaining unknowns. 

For the lower storey, the frame is again cut into three different pieces with cuts 

being made at the hinge locations (to avoid having any unknown moments in the 
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free body diagrams), as shown in lower diagram of Figure 7.6. This time, step 0 

may include the external lateral load of 50kN 

in addition to the forces at points f, g, and h that were previously found using the 

top storey free body diagrams shown above. At points f, g, and h on the lower 

storey free body diagrams, the loads from the top storey must be applied in the 

opposite directions to those from the top storey free body diagrams (because they 

are on either side of a cut in the structure). Then in step 1, the known column 

shears from the portal method analysis are applied to points a, b, and c (based on 

the results from the previous analysis which are shown about the lower storey free 

body diagrams. Once all of the known forces are included, the rest of the unknown 

forces may be found using equilibrium as was done for the top storey. Again, one 

suggested solution order is shown in the figure using numbers in grey circles. 

Once all of the forces at the hinge locations are known, the shear and moment 

diagrams may be drawn for the frame. The resulting diagrams are shown in 

Figure 7.7. The shear in all of the beams and columns are always constant for these 

types of analyses, and are simply equal to the horizontal force in the middle hinge 

for the columns or equal to the vertical force in the middle hinge for the beams. 

The maximum moment in the beams and columns is then found using the shear 

multiplied by half of the column height for columns or multiplied by half of the 

beam length for beams. This is because there is no moment at the hinge. So if we 

start at the hinge and move towards any beam column intersection, then the 

moment at the intersection will be equal to the shear multiplied by the distance 

between the hinge and the intersection. For example, for the moment in column 

AD at point D, we start with a shear in the column of 37.5kN 

at point a as shown in Figure 7.6, and then the distance between point a and point 

D is 2m. This gives a total moment in column AD at point D of 2(37.5)=75kNm. 

For the moment in beam HI at point H, we start with a shear in the beam of 20.0kN 

at point j as shown in Figure 7.6, and then the distance between point j and point H 

is 2.5m. This gives a total moment in column AD at point D of 2.5(20.0)=50kNm 

. 
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Figure 7.7: Portal Method Example - Resulting Frame Shear and Moment Diagrams 
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UNIT – III 
 Cable Structures and Suspension Bridges: Introduction, characteristics of cable, 

analysis of cables subjected to concentrated and uniformly distributed loads, anchor cable, 

temperature stresses, analysis of simple suspension bridge, three hinged and two hinged 

stiffening girder suspension bridges. 

 

1 ANALYSIS OF SPACE TRUSSES USING METHOD OF TENSION 

COEFFICIENTS 

1.1. Tension Co-efficient Method 

The tension co efficient for a member of a frame is defined as the pull or tension in 

that member is divided by its length. 

                               t = T/l Where t = tension co efficient for the member  

T= Pull in the member  

l = Length 

 1.2. Analysis Procedure Using Tension Co-efficient - 2D Frames 

 1. List the coordinates of each joint (node)of the truss. 

2. Determine the projected lengths Xij and Yij of each member of the truss. 

Determine the support lengths lij of each member using the equation lij =?Xij
2+Yij

2 

3. Resolve the the applied the forces at the joint in the X and Y directions. 

Determine the support reactions and their X and Y components.. 

4. Identify a node with only two unknown member forces and apply the equations 

of equilibrium. The solution yields the tension co efficient for the members at the 

node. 

5. Select the next joint with only two unknown member forces and apply the 

equations of equilibrium and apply the tension co efficient. 

6. Repeat step 5 till the tension co efficient of all the members are obtained. 7. 

Compute the member forces from the tension co efficient obtained as above using 

Tij= tijx lij 

1.3. Analysis Procedure Using Tension Co-efficient - Space Frames 

1. In step 2 above the projected lengths Zij in the directions are also computed. 

Determine the support lengths lij of each member using the equation lij =?Xij
2+Yij

2 

+Zij
2 

2. In step 3 above the components of forces and reactions in the Z directions are 

also to be determined. 



 3. In step 4 and 5,each time, nodes with not more than three unknown member 

forces are to be considered. 

Tetrahedron: simplest element of stablespacetruss  ( six members, four 

joints) expand by adding 3members and1jointeachtime 

 Determinacy and Stability b+r <3j unstable 

 b+r=3j statically determinate (check stability) 

b+r>3j statically indeterminate (check stability) 

 

 

Internal Forces 

In order to obtain the internal forces at a specified point, we should make section 

cut perpendicular to the axis of the member at this point. This section cut divides 

the structure in two parts. The portion of the structure removed from the part in to 

consideration should be replaced  by the internal forces. The internal forces ensure 

the equilibrium of the isolated part subjected to the action of external loads and 

support reactions. A free body diagram of either segment of the  cut member is 

isolated and the internal loads could be derived by the six equations of equilibrium 

applied to the segment in to consideration. 

5.1. Example 

 In the following example we shall construct the internal forces diagrams for the 

given in Fig. space frame structure. The introduced global coordinate system 

is  shown in the same figure. 



 

The introduced local coordinate systems of the different elements of the space 

frame are presented in Fig. The typical  sections where the internal forces must be 

calculated, in order to construct the relevant diagrams, are numbered from 1 to 8 in 

the same figure. The typical  sections are placed atleast at the beginning and at the 

end of each element (segment) of the frame. The internal forces diagrams, in the 

limits of each element, could be derived by using the corresponding reference and 

base diagrams.  

 

 

 



 



2 BEAMS CURVED IN PLAN 

2.1Introduction 

Arches are in fact beams with an initial curvature. The curvature is visible 

only in elevation. In plan they they would appear in straight. the other cases of 

curved beams are ring beams supporting water tanks, Silos etc., beams supporting 

corner lintels and curved balconies etc., Ramps in traffic interchanges invariably 

have curved in plan beams. 

Curved beams in addition to the bending moments and shears would also 

develop torsional moments. 

 2.2. Moment, Shear and Torsion 

The three diverse force components have one thing in common - the strain energy 

stored in a beam due to each type of force. Among the 3 we normally ignore the 

strain energy due to shear forces as negligible. 

U = ?M2ds/2EI+?T2ds/2GJ 

 3. SUSPENSION CABLE 

3.1. Introduction 

Cables and arches are closely related to each other and hence they are grouped in 

this course in the same module. For long span structures (fore.g.in case bridges) 

engineers commonly use cable or arch construction due to their efficiency. In the 

few previous pages, cables subjected to  uniform and concentrated loads are 

discussed. In the few previous pages, arches in general and three hinged arches in 

particular along with illustrative examples are explained. 

 n the last few pages, two hinged arch and hinge less arches are considered. 

Structure may be classified into rigid and deformable structures depending on 

change in geometry of the structure while supporting the load. Rigid structures 

support externally applied loads without appreciable change in their shape 

(geometry). Beams trusses and frames are examples of rigid structures. 

Unlike rigid structures, deformable structures undergo changes in their shape 

according to externally applied loads. However, it should be noted that 



deformations are stillsma ll. Cables and fabric structures are deformable structures. 

Cables are mainly used to support suspension roofs, bridges and cable car system. 

They are also used in electrical transmission lines and for structure supporting 

radio antennas. In the following sections, cables subjected to concentrated load and 

cables subjected to uniform loads are considered. 

 

Consider a cable as loaded in Fig.5.3. Let us assume that the cable lengths and 

sagat() are known. The four reaction component sat ACDEB and B, cable tensions 

in each of the four segments and three sag values: a total of eleven unknown 

quantities are to be determined. From the geometry, one could write two force 

equilibrium equations (0,0==??yxFF) at each of the point and DCBA,,,Ei.e. a total 

of ten equations and the required one more equation may be written from the 

geometry of the cable. For example, if one of the sag is given then the problem can 

be solved easily. Otherwise if the total length of the cable is given then the 

required equation may be written as 

 

Fig 5.3Cable in Tension                     



Cable subjected to uniform load.                           

Cables are used to support the dead weight and live loads of the bridge decks 

having long spans. 

The bridge decks are suspended from the cable using the hangers. The stiffened 

deck prevents the supporting cable from       changing its shape by distributing the 

live load moving over it, for a longer length of cable. In          such cases   cable is 

assumed to be uniformly loaded. 

 





 

 

Due to uniformly distributed load, the cable takes a parabolic shape. However due 

to its own dead weight it takes a shape of acatenary. However dead weight of the 

cable is neglected in the present analysis. 

  

 Example 

 Determine reaction components at A and B, tension in the cable and the sag of the 

cable shown inFig.5.7. Neglect the self weight of the cable in the analysis. 

  



 







 



 

 

 

 

 
 



UNIT-IV 

Moment Distribution Method 
 

In his own words, Hardy Cross summarizes the moment-distribution method as follows: 

The method of moment distribution is this: (a) Imagine all joints in the structure held so that they 

cannot rotate and compute the moments at the ends of the member for this condition; (b) at each 

joint distribute the unbalanced fixed-end moment among the connecting members in proportion 

to the constant for each member defined as "stiffness"; (c) multiply the moment distributed to 

each member at a joint by the carry-over factor at that end of the member and set this product at 

the other end of the member; (d) distribute these moments just "carried over"; (e) repeat the 

process until the moments to be carried over are small enough to be neglected; and (f) add all 

moments -- fixed-end moments, distributed moments, moments carried over -- at each end of 

each member to obtain the true moment at the end (Cross, H. (1949) Analysis of Continuous 

Frames by Distributing Fixed-End Moments. Transactions of the American Society of Civil 

Engineers, Vol. 96, No. 1, January 1932, pp. 1-10}). 

So this method amounts to first assuming each joint is fixed for rotation (locked). Then by 

locking and unlocking each joint in succession, the internal moments at the joints are slowly 

distributed and balanced until each joint reaches a final equilibrium condition. We will see this 

process in detail through the use of an example is a later section. 

The generalized moment distribution method procedure is illustrated in Figure 10.2. Parts of this 

figure, referenced by part letter will be referenced in the description below. To picture the 

moment distribution method conceptually, imagine that at the start of our analysis, before we 

even add any external loads to the structure, we grab hold of all of the nodes and prevent them 

from rotating (b). This effectively causes the ends of all the members to be fixed. Then, we apply 

all of the external loads on the structure (c). Those external loads on the members cause a 

moment at each fixed end, which we can calculate (d). Then, for each node in turn, one at a time, 

we can unlock the node and then lock it up again (e). The act of unlocking the node allows that 

node to rotate freely. This rotation is caused by whatever unbalanced moment there is on the 

node prior to the unlocking. Unbalanced loads are possible because the node was previously 

fixed, so one member connected to that node may be applying a fixed end moment to the node 

and another member connected to that node may be applying a different fixed end moment or 

none at all. These moments do not have to be in equilibrium prior to the unlocking because they 

are consider to be transferred not to the node, but to some external rotational support. Once we 

release the node, the node must rotate until it is in equilibrium. So, the total unbalanced moment 

present on the node before it is unlocked will be applied to the members that are attached to the 

node. Since all of the member ends that are connected to the node must rotate by the same 

amount when the node is released, the unbalanced moment will be distributed in proportion to 

the bending stiffness of each attached member (i.e. stiffer members take more moment for the 

same amount of rotation). 
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Figure 10.2: The Moment Distribution Method Step-by-Step 
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This act of applying moments to the members at the node also causes moments at the opposite 

ends of the members if they are fixed (the moment 'carries over' to the opposite end of the 

member). Once the node is in equilibrium, we lock it again (f), preventing it from rotating any 

further.  

From here, we move on to the next node (g). When we look at the unbalanced moment at that 

node, we have to consider the moment caused by the fixed end forces in addition to any load that 

was carried over to that second node when the first node was released and then locked again. It is 

likely that for most structures each node will have to be locked and unlocked multiple times 

since unlocking one node may cause new unbalanced moments on other nodes that we have 

previously unlocked, balanced and then re-locked (h - j). This is why the moment distribution 

method is considered to be an iterative method. With enough iterations, though, we can 

eventually converge on the correct solution. 

The key to this method is that, for the release of one node, we can easily calculate the proportion 

of the unbalanced moment needs to be apportioned to each connected member as well as how 

much moment should be carried over to the opposite end of the member. Since these are simple 

cases with few degrees-of-freedom, we can determine these using the previous methods that we 

have learned and then apply the results to all moment distribution method analyses. By only 

focusing on a limited part of the more complex structure in each step, we can analyse the 

structure piecemeal, without the need to directly solve a large system of simultaneous equations. 

Each of the required components for a moment-distribution analysis, as introduced in the passage 

above, will be described in the following sections. 

Sign Convention 

The sign-convention for the moment distribution method is the same as the sign convention for 

the slope-deflection method, all counter-clockwise moments are considered positive and 

clockwise moments are considered negative. There is no consideration of the internal moment 

sign convention. All moments that are considered are point moments at member ends. 

Fixed End Moments 

In addition, the moment distribution method makes use of fixed end moments, just like the slope 

deflection method. To find fixed end moments, use the same figure (Figure 9.6) from Chapter 9. 

Since we 'lock' all of the joints at the beginning of a moment distribution analysis, the fixed end 

moments represent the moments that each member applies to a locked node. These moments are 

caused by external forces on the structure that are applied between the member end nodes. 

Member Stiffness and Carry-Over Factors 

The key step of the moment-distribution method is the unlocking of each node and the 

redistribution of the unbalanced moment at that joint to all the members that are connected to it, 

based on relative rotational stiffness of each member. So, we need to be able to calculate the 
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rotational stiffness of a member connected to a rotating joint, which will depend on the Young's 

modulus E, the moment of inertia I 

and the length of the member. Like the slope-deflection method from Chapter 9, we would also 

like to take advantage of the extra information provided by pinned ends if we can, since we know 

ahead of time that the moment at such pinned ends must be zero. Hardy Cross's original method 

as described in the original paper does not take advantage of such additional information, but it 

will save us time and effort to do so. This means that the stiffness will also depend on the type of 

boundary condition at the opposite end of the member, whether it is fixed or pinned. Note that 

the pinned end condition only applies to pinned ends where the moment is zero. 

When we redistribute the moment to the connected members at an unlocked node, the act of 

applying a moment to the end of a member connected to the node will also cause a moment at 

the opposite end of that member (unless the opposite end is pinned). These 'carried over' 

moments will need to be included in the calculation of the unbalanced moment at the opposite 

end node. So we must also determine how much of the moment is carried over. 

To determine the stiffness of a member connected to a node as well as the carried over moment, 

we can use the slope-deflection method from Chapter 9. For the case where the far end of the 

member is fixed, the member geometry and loading are shown at the top of Figure 10.3.  

 

Figure 10.3: Systems for Calculating Member Stiffness and Carry-over Factors 
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Recall that the slope-deflection equation for a single element is: 

Mnf=2EIL(2θn+θf−3ψ)+FEMn f                                  (1) 

where node n 

which is the node at the near end (the end that you are finding the end moment for) and node f is node at 

the far end (the node at the opposite end of the element). So, the expression for MAB 

as shown in Figure 10.3 is: 

MAB=2EIL(2θA+θB−3ψAB)+FEMAB                         (2) 

If the far end is fixed, as shown, then θB=0 

. In addition, there are no loads applied between the end nodes and there is no chord rotation, so 

FEMAB=0 and ψAB=0. Including all of this, the expression for MAB 

becomes: 

MAB=4EILθA                                                                           (3) 

Rotational stiffness is the amount of moment required to rotate something by a unit amount of 

rotation, so: 

k=Mθ                                                               (4) 

where k 

is the rotational stiffness, M is the moment, and θ 

is the rotation. For our system, we need to know the rotational stiffness of member AB, i.e. how 

much moment at node A on member AB is required to cause a one unit rotation at node A: 

kAB=MABθA                                                                              (5) 

From equation (3) 

, we can see that: 

MABθA=4EIL                                                    (6) 

so,  
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kAB=4EIL                                                            (7) 

for the condition where the far end of the member is fixed, where E 

is the Young's modulus, I is the moment of inertia of the member, and L 

is the length of the member. 

We can go through the same process to find the rotational stiffness of a member that has a pinned 

support at the opposite end. This works as long as we know that the moment at that pin is zero. 

So, this formulation can not be used if the structure is continuous at the pin (there is more than 

one member connected to the pin), or if there is a point moment applied at the pin location. For 

the case where the far end of the member is pinned, the member geometry and loading are shown 

at the bottom of Figure 10.3. 

Recall that the slope-deflection equation for a single element with the far end pinned is: 

Mrh=3EIL(θr−ψ)+(FEMrh−FEMhr2)                     (8) 

where r 

is the rigid end (the end that the moment is being applied to, and h is the hinged end. So, the expression 

for MAB 

as shown in the lower half of Figure 10.3 is: 

MAB=3EIL(θA−ψAB)+(FEMAB−FEMBA2)                (9) 

Again, there are no loads applied between the end nodes and there is no chord rotation, so 

FEMAB=0 

, FEMBA=0 and ψAB=0. Including all of this, the expression for MAB 

becomes: 

MAB=3EILθA                                                                                   (10) 

So, the associated rotational stiffness for is: 

kAB=3EIL                                                               (11) 

for the condition where the far end of the member is pinned, where E 

is the Young's modulus, I is the moment of inertia of the member, and L 
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is the length of the member. 

As previously discussed, we also need to know how much of the moment applied to one end of a 

member will be carried over to the other end of the member. For a member with a fixed far end 

(as shown in the upper half of Figure 10.3), we can use the slope-deflection equations again to 

find the moment at the far end (MBA): 

MBA=2EIL(2θB+θA−3ψAB)+FEMAB                                 (12) 

Again, since the far end is fixed, as shown, then θB=0 

. There are still no loads applied between the end nodes and there is no chord rotation, so FEMAB=0 

and ψAB=0. Including all of this, the expression for MBA is: 

MBA=2EILθA                                                                                  (13) 

This value of the moment at the far end (the locked joint in Figure 10.3) is equal to exactly half 

of the moment at the near end given in equation (3) 

(the unlocked joint). So, this means that if you apply a moment at the near end of the member at the 

unlocked joint, then this will induce half of that moment (in the same direction) at the far end. So, half the 

load will be carried over to the far end. So, we can say that for a member with a fixed opposite end, the 
carry over factor is 12 

: 

CO=12                                                                    (14) 

for the condition where the far end of the member is fixed. 

For a member with a pinned far end, the answer is even more straight-forward. Since the far end 

is pinned, we know ahead of time that the moment at that far end must be equal to zero. This 

condition is shown in the lower half of Figure 10.3. Therefore, no matter what moment we apply 

at point B, none of that moment will be carried over to node B, since node B cannot resist any 

moment. So, we can say that for a member with a pinned opposite end, the carry over factor is 0: 

CO=0                                                                     (15) 

for the condition where the far end of the member is pinned. 

We will see the practical implementation of this when we look at an example analysis. 
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Distribution Factors 

The member stiffness values that were derived in the previous section are used to determine the 

relative distribution of moment at a node. This distribution is used whenever we unlock a node 

and the unbalanced moment at that node must be shared by all of the members that are connected 

to it. Of course, as described previously, since all of the member ends connected to the node 

rotate by the same amount, the amount of moment resisted by each member will be proportional 

to their stiffness. Stiffer members will resist a larger portion of the total unbalanced moment. 

To determine the amount of moment that is distributed to each member at a node, we will 

calculate distribution factors for each member connected to a given node. Each distribution 

factor is associated with a single member connected to a single node. Each member will likely 

have different distribution factors at each end because that factor depends on the rotational 

stiffness of the other members at each node. 

If the total rotational stiffness of a node is equal to the sum of the rotational stiffness of each 

element connected to that node, then the distribution factor for each member at the node is equal 

to the stiffness of that individual member divided by the total rotational stiffness of all the 

members connected to that node: 

DFAB=kAB∑ki                                                                               (16) 

where DFAB 

is the distribution factor for member AB at node A, kAB is the rotational stiffness of member AB for a 

moment applied at point A, and ∑ki 

is the sum of all the rotational stiffness values for all of the members connected to node A 

(including the one that we are calculating the distribution factor for). This process is illustrated in 

Figure 10.4. 
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Figure 10.4: Calculating Distribution Factors for a Node (A) 

All of the distribution factors for the members at a single joint must add up to 1.0 

because all of the moment must be divided up into the connected members. This is a good check 

to make sure that all the moment at a joint is accounted for.  

The distribution factor for a fixed end support will be zero, and the distribution factor for a pin 

with only one member connected would be 1.0 

. 

The Moment Distribution Method for Beams 

The moment distribution method for beams may be summarized as follows: 

1. Determine the stiffness for each member. For a member that is fixed at both ends, use 

equation  (1) 

 

           kAB=4EIL                                     (1) 

 

For a member that has a pin at one end, use equation (2). 

kAB=3EIL                                              (2) 
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    Determine the distribution factors for each member at each node based on relative stiffness of the 

members using equation (3). 

DFAB=kAB∑ki                                                         (3) 

1   Use a distribution factor of zero for a fixed support and 1.0 for a pinned support with only 

one connected member. 

2   Determine the fixed end moments for all members that have external loads applied between the end 
nodes. Use Figure 9.6 from Chapter 9.  

3   For each node in turn: 

A. Determine the unbalanced moment on the node. 

B. Distribute the unbalanced moment to each member connected to the node in proportion to the 
distribution factors in the reverse direction of the unbalanced moment. 

C. For each member that the moment has been distributed to, carry over some of the moment to the 

opposite end of the member according to equations (4) 

 

CO=12                                               (4) 

 

and (5).  

CO=0                                              (5) 

4.For a member with a fixed end opposite (a regular locked node), carry over half of the moment 

that was applied by the distribution. For a member with a pinned end opposite (where there are 

no other members connected to that pin) do not carry over any moment.  

5.Repeat the previous step for each node, multiple times as necessary until the carry over moments are a 

small fraction of the total moments at each member end. 

6.Sum all of the moments in each member end from all previous steps (including the original fixed end 

moments). This sum gives the total moment at each member end in the real system. 

 

The moment distribution method for beams will be illustrated in detail using the relatively simple 

example structure shown in Figure 10.5. 
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First, we need to find the stiffness of each member. Member AB has moment resistance at both 

ends, so we will use equation (1) 

: 

kABkABkAB=4EIL=4EI5=0.8EI 

Member BC has a pin at the right side node C with only one member (BC) connected to that 

node. So, for this member, we will find the stiffness using equation (2) 

: 

kBCkBCkBC=3EIL=3EI4=0.75EI 
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The stiffness for both members is shown in Figure 10.6 part (a). 

 

Figure 10.6: Indeterminate Beam Analysis using the Moment Distribution Method Example - Analysis 
Steps for a Single Node 
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Next, we need to find all of the distribution factors for all the members at each joint. Let's first 

look at member AB at node A. If we consider the rotational stiffness of the fixed support at A to 

be infinite (it cannot rotate), then we can find the stiffness of member AB at node A as follows: 

DFABDFABDFAB=kABkAB+kwall=0.8EI0.8EI+∞=0 

This is an example that shows why we consider the distribution factor at a fixed support to be 

zero. Any moment that is carried over to the fixed support at A will stay there and never be 

distributed back into any other members. Even if we try to unlock the fixity at node A in our 

analysis, we cannot distribute the moment at the fixed support into any connected members. We 

do not have to unlock and redistribute forces at fixed support locations. 

At node B there are two members that are connected, members AB and BC, both of which need 

distribution factors for node B: 

DFBADFBADFBADFBCDFBCDFBC=kABkAB+kBC=0.8EI0.8EI+0.75EI=0.516=kBCkAB+k

BC=0.75EI0.8EI+0.75EI=0.484 

Notice that DFBA+DFBC=1.0 

as expected (all of the moment at the node must be distributed to the connected members). 

For the pin end at node C, there is only one member attached, member BC: 

DFCBDFCB=kBCkBC=1.0 

Since the pin cannot resist any moment, when the pin is unlocked, all of the moment must be 

distributed back to the single connected member. Since the distributed moment is equal to the 

negative of the unbalanced moment, the sum of the two will equal zero. 

The next step is to determine the fixed end moments. Figure 9.6 was used to calculate the fixed 

end moments at either end of member BC as shown in Figure 10.6 part (b). These moments are 

equal to: 

FEMBC=+25kNmFEMCB=−25kNm 

Now we have all of the information that we need to conduct the iterative moment distribution 

analysis. The moment distribution analysis is best kept track of using a table. For this example, 

the moment distribution analysis is shown in Table 10.1. The steps in this table up to the first 

carry over row are simultaneously depicted in Figure 10.6. 

Table 10.1: Moment Distribution Table for Beam Example (all values in 0kNm 

) 
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Table 10.1 begins at the top with a heading for each node. It may also be useful to label the 

nodes that are at fixed support locations (node A in this case), or pinned support conditions with 

no moment (node C in this case). Then, for each node, we need a column for every member that 

is connected to that node. In this example, nodes A and C only have one member each, and node 

B is connected to both members. It is also convenient to write the distribution factor for each 

member at each node underneath the member heading. We previously calculated the distribution 

factors for all members at all nodes based on the relative stiffness of each member at the node. 

As previously discussed, we will start the analysis by assuming that all of the nodes are fixed for 

rotation. The next step is to apply the fixed end moments that we previously calculated to the 

appropriate member ends as shown in Table 10.1. This step is also shown in Figure 10.6 part (b). 

In this step, we must be careful about making sure that the sign of the moment is correct. Recall 

that counter-clockwise point moments are considered negative and clockwise moments are 

considered positive. These fixed end moments create unbalanced moments at nodes B and C. 

These unbalanced moments are held in place by the rotational fixity that we applied to each node 

at the beginning of the problem. At node B, for example, if we were to release the fixity, there is 

a moment of +25kNm 

on the node and no resisting moment in the opposite rotational direction, meaning that the node 

is not in equilibrium (which it must be for the node to be stationary. 

So, if we were to release the rotational fixity at node B or C, the node would rotate due to the 

unbalanced moment, applying moments to all members connected to the joint, until the moments 

applied to the other members are in balance (in equilibrium). For this moment distribution 

analysis, we can start with either node B or C. We will start with node B. 
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So the next step is to release the rotational fixity at node B and rebalance the moments. This step 

is shown in Table 10.1 in the first row labelled 'Balance B' and simultaneously in Figure 10.6 

part (c). To counteract the total unbalanced moment at node B of +25kNm 

we need to allow the node to rotate until a total counteracting moment of −25kNm is achieved by all of 

the members connected to the joint. Together, the original unbalanced moment of +25kNm and the new 

moment of −25kNm will add together to equal zero moment, meaning that node B attains equilibrium. 

The total counteracting moment of −25kNm is split between all of the connected members at node B 

according to their relative stiffness. This is the purpose of the distribution factors that we copied in at the 

top of the table. These distribution factors that we previously calculated tell us what percentage of 

moment goes in to each connected member. In this case the counteracting end moment in member BA is 

0.516(−25)=−12.9 and in member BC is 0.484(−25)=−12.1. These must add up to the full 

counteracting moment value of −25. Once we apply the counteracting moment, it may be convenient to 

draw a line under them in the table as shown. This is an indication that all of the moments above the line 
are in equilibrium (they all add up to zero). This will help when calculating any new unbalanced moments 

that get applied to the node in the future. 

Of course when we apply a moment to one end of a member, this may effect the value of the moment at 

the other end of the member. This is only true if we know that the other end of the member has some 

moment resistance (i.e. it is not a pin with only one member connected to it). This moment that is induced 
at the other end of the member is the carry-over moment. After balancing node B, the new counteracting 

moments which put the node into equilibrium when it is unlocked and balanced must be carried over to 

the other ends of all members connected to node B. Previously we found that applying a moment to one 
end of a member when the other end is fixed will result in half of that applied moment being induced at 

the opposite end of the member (in the same direction). So the counter balancing moment on member AB 

at node B of −(−12.9kNm) (MBA) will cause half of that moment at the other end of member AB at 

node A (MAB=−(−6.45kNm)). This is the same as saying that the carry-over factor for that member 

CO=12. This carry-over is shown in Table 10.1 between BA and AB. For the other member connected to 

node B, member BC, the opposite end at node C is a pin that cannot take any moment. Therefore, the 

carry-over factor for that member CO=0 

as shown in the table. This carry-over process is also shown for the two members in Figure 10.6 

part (d). 

After node B is balanced and the carry-overs are applied to the opposite ends of the connected 

members, we re-lock (fix) node B and move onto another node in the structure. The order that 

we go in does not matter, but it is typically a good idea to go in some consistent order to ensure 

that all nodes are balanced, multiple times if necessary. In our case, we do not need to ever 

balance node A since it has a fixed support in the real structure. Any moments that are applied or 

carried over to the fixed support at node A will stay there permanently (the distribution factor for 

node A is 0). 

So, we will move onto node C as shown in Table 10.1. The first step again is to unlock/release 

the node and balance the unbalanced moment. At node C, there is only one previous unbalanced 

load which was caused by the fixed end moment (−25kNm 
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); however, if there was a non-zero carry-over moment from the balancing of node B, then the total 
unbalanced moment for node C would be the sum of the original fixed end moment and the carried-over 

moment. The total counterbalancing moment for the unbalanced moment at node C is, therefore, 

+25kNm which is applied entirely to member CB (since it is the only member at the node and the 

distribution factor is 1.0). Since all the moments at node C are now balanced, there is a horizontal line 

drawn underneath the counterbalancing moment. Then, since the opposite end of that member, at node B, 
is fixed, we need to carry over half of the counterbalancing moment to the other end of member BC at 

node B (+12.5kNm 

), as shown in the table.  

So now, this has caused a new unbalanced moment at node B which needs to be balanced out 

again as shown in Table 10.1 (the second row that is labelled 'Balance B'). Since the carry-over 

moments from this balancing do not get transferred to the pin end at node C, there are no longer 

any unbalanced moments in the system after this step, so we are done with balancing nodes. It is 

not typical that a moment distribution analysis ends with perfectly balanced nodes as we will see 

in a later example. Typically, we need to keep iterating back and forth between nodes until the 

carry-over moments become sufficiently small as to be negligible. 

The last step is to sum all of the moments that have been applied to each member end over the 

entire history of the analysis. Since we have used a table for our analysis (Table 10.1), we can 

just sum up all of the moment values in each column (each column representing one member 

end. This step is shown in the last row of the table, and these values give us the real moments are 

each end of each member. 

Using these moments, we can find the shears in the members and then draw the shear and 

moment diagrams for the beam as shown in Figure 10.7. 
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Figure 10.7: Indeterminate Beam Analysis using the Moment Distribution Method Example - Shear and 
Moment Diagrams 

 

The Moment Distribution Method for Frames 

For the analysis of non-sway frames, the moment distribution method may be applied in the 

exact same way as for beams. The only difference is that there may be more than two elements 

attached to each node. Distribution factors can easily be calculated for such nodes as previously 

shown and discussed in Figure 10.4. 

For sway frames, extra steps are required. A unit deformation must be applied to the degree-of-

freedom associated with the sway, and the resulting force must be scaled to the force resulting 
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from the full system restrained at that degree of freedom. Analysis of sway frames using the 

moment distribution method is not within the scope of this book. 

Example 

The analysis of a non-sway frame using the moment distribution method will be illustrated using 

the example structure shown in Figure 10.8. This structure has members of varying size (moment 

of inertia I0 

or 2I0 

) and an overhang to the right of node C. To solve this problem we will use the same method that 

was used for beams, as described in Section 10.3. 

 

Figure 10.8: Indeterminate Frame Analysis using the Moment Distribution Method Example 

 

 

First, we will find the stiffness for each member using equations (1) and (2) 

.  

kAB=4EIL(1) 

kAB=3EIL(2) 
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Member AB has a pin end at node A, so the stiffness is: 

kABkABkAB=3EIL=3E(2I0)5=1.2EI0 

All of the rest of the members are fixed at both ends (assuming all of the nodes are originally 

locked for rotation), so: 

kBC=kBCkBC=4EIL=4E(2I0)4=2.0EI0 

and similarly, 

kBEkCF=1.0EI0=2.0EI0 

Member CD has no stiffness associated with it since the right end at node D is free (and so has 

no resistance to rotation). Similarly to the slope-deflection method, we will deal with the 

cantilevered overhang by replacing it with an effective point moment at the root of the cantilever 

at node C. 

Knowing the stiffness of each member, we can find all of the distribution factors for each node. 

Recall that each node has as many distribution factors as there are members connected to the 

node. Again, since node D is free, no moment can be distributed into member CD from node C 

(the member has no stiffness because of the free end). So, 

DFCD=0 

As discussed previously in Section 10.3, pinned supports with only one member connected have 

a distribution factor of 1.0 and fixed supports have a distribution factor of 0, so: 

DFABDFEBDFFC=1.0=0.0=0.0 

Recall that the notation DFAB 

means the distribution factor for member AB at node A. Likewise, DFBA 

would be the distribution factor for member AB at node B. 

The remainder of the distribution factor are calculated based on the relative stiffness of all of the 

members framing into a joint (as previously shown in Figure 10.4). At node B: 

DFBADFBADFBA=kABkAB+kBC+kBE=1.2EI01.2EI0+2.0EI0+1.0EI0=0.286 

DFBCDFBCDFBC=kBCkAB+kBC+kBE=2.0EI01.2EI0+2.0EI0+1.0EI0=0.476 

DFBEDFBEDFBE=kBEkAB+kBC+kBE=1.0EI01.2EI0+2.0EI0+1.0EI0=0.238 
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Notice that all of these distribution factors at node B must add up to 1.0: 

DFBA+DFBC+DFBE=1.0 

At node C: 

DFCBDFCBDFCB=kBCkBC+kCD+kCF=2.0EI02.0EI0+0+2.0EI0=0.500 

DFCFDFCFDFCF=kCFkBC+kCD+kCF=2.0EI02.0EI0+0+2.0EI0=0.500 

Notice that, although there is only one stiffness term for each member, the distribution factors at 

two ends of a member a not likely to be the same. In this case, DFBC=0.476 

is not equal to DFCB=0.500 

. These are different because they depend on the other members that connect to the same node. 

The last step before conducting the moment distribution process with the table is to find the fixed 

end moments for each member. These fixed end moments give us the starting condition moments 

in our frame (before we start unlocking any nodes to allow them to rotate into equilibrium). To 

find these, we can use Figure 9.6 as shown in Figure 10.9. 
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Figure 10.9: Indeterminate Frame Analysis using the Moment Distribution Method Example - Fixed End 
Moments 

In this case, members AB and BC have uniformly distributed loads that result in fixed end 

moments equal to wL212 

at either end as shown in Figure 10.9. We must be careful to use the correct sign for these 

moments in our analysis. Recall that counter-clockwise moments are considered positive, and 

clockwise moments are considered negative as per our sign convention. So, 

FEMABFEMABFEMABFEMBA=wL212=2(5)212=+4.17kNm(↶)=−4.17kNm(↷) 

Likewise:  

FEMBCFEMBCFEMBCFEMCB=wL212=2(4)212=+2.67kNm(↶)=−2.67kNm(↷) 

Lastly, we will consider the overhang CD to contribute a fixed end moment at node C (caused by 

the load at the end of the cantilever at node D). This fixed end moment is simply equal to the 

moment at the root of the cantilever at point C as shown in the lower diagram of Figure 10.9: 

FEMCDFEMCD=8(3)=24.0kNm(↶)  

We must be careful with the sign of this moment. To be consistent with the other fixed end 

moments, this moment must be the end moment at the end of member CD at point C, as shown 

in the figure, not the moment that is applied to node C. The end moment on member CD at point 

C is counter-clockwise as shown in the figure, so FEMCD must be positive. 

We now have all of the input parameters that are necessary to solve the moment distribution 

analysis. The moment distribution analysis is shown in Table 10.2.  

Table 10.2: Moment Distribution Table for Frame Example (all values in 0kNm) 
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As before, the moment distribution analysis in Table 10.2 starts with the application of the fixed 

end moments for each member (with the correct sign used as discussed previously). We can start 

with any node, but often it makes sense to balance out the pinned nodes first. We cannot carry-

over any moments into a pin, once we balance a pin node once, we do not have to visit it again. 

Recall as well that we do not balance fixed support nodes. Since their distribution factor is zero, 

any moment that is applied or carried over to a fixed end will stay there for the duration of the 

analysis. This makes sense because we cannot release a fixed support to allow it to adjust into 

equilibrium. A fixed support is already in equilibrium (the end moment from the members is 

balanced by the reaction moment provided by the fixed support). 

So, we start by balancing the moments at the pinned support at node A as shown in Table 10.2. 

Since there is only one moment provided by member AB, we simply apply the reverse moment 

to bring the node into equilibrium (−4.17kNm 
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). The think line below this balancing moment in the table at node A signifies that all of the moments 
above that line for node A are in equilibrium (they all add up to zero). Next, we must carry-over half of 

that balancing moment to the other end of the member BA (−2.09kNm 

). This carry over moment has the same sign as the balancing moment. 

After we are done with the pin node A, we can move on to one of the other nodes that must be 

balanced. We have an option of either node B or node C (nodes E and F have fixed supports). 

For this example, we will proceed with balancing node B as shown in Table 10.2. To balance this 

node, we must first sum up all of the previous unbalanced moments that have been applied to 

that node (due to fixed end moments or previous carry-overs). We get: 

∑MB=−4.17+2.67−2.09=−3.59 

Then, we need to distribute the reverse of that unbalanced moment (+3.59 

) to all three members connected to that node based on their relative stiffness. We do this using the 

distribution factors, which we previously calculated and are shown at the top of the table. For example, 

for member BA, we multiply the balancing moment +3.59 by the distribution factor for BA which is 

DFBA=0.286 to get 1.03 

. We repeat this calculation with the other two members at node B to get the other balancing 

moments shown in the table. Again, once the node is in equilibrium, we can draw a horizontal 

line below the balancing moments to indicate this. Next, we must carry these moments over to 

the opposite ends of the member as necessary. For BA, the other end is a pin with only the one 

member connected to it, so we do not carry-over any moment (because the pin cannot resist any 

moment). For BC, we must carry-over half of the moment to the other end of the member (CB) 

and the same for BE, which has half carried-over to EB as shown. 

Once we have finished the carry-over step, we can move onto the next node. At this point we 

only have one node with unbalanced moments, node C. So, we find the total unbalanced moment 

on node C: 

∑MC=−2.67+24+0.86=+22.19 

and apply the reverse of that total unbalanced moment to each member end using the distribution 

factors again as shown in Table 10.2. This time, we have two carry-overs, one from CB to BC 

and one from CF to FC.  

The carry-over to BC from node C, disturbs the equilibrium that was achieved for node B in the 

previous step. So, we must rebalance node B as shown in Table 10.2 to account for this new 

carry-over moment of −5.55 

http://www.learnaboutstructures.com/Moment-Distribution-Method-for-Frames#tab:Mom-Dist-Frame-Example
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at member end BC. Note that we only have to consider this new moment, all of the moments above the 
previous horizontal line for node B are already in equilibrium, adding up to zero. So, we apply the inverse 

of −5.55 (+5.55 

) and again distribute it to all of the members connected to point B using the distribution factors. 

Then, we carry-over to the opposite ends of all the members again. The carry-over from BC to 

CB disturbs the moment equilibrium at node C. 

So, we need to balance node C again as shown in Table 10.2. Every time we balance node B, we 

disturb the equilibrium at node C. Likewise, Every time we balance node C, we disturb the 

equilibrium at node B. This is an endless cycle; however, each time we perform this balancing by 

releasing the node at allowing it to move into equilibrium, the carry-over moments get smaller 

and smaller. By the time we get to the third balancing of node B (as shown in the table), the 

carry-over moments are on the order of 0.08kN 

. This is on the order of 0.3% to 2% of the initial fixed end moments. What is left to balance at 

this point can be considered error in our analysis. If we continue to do more iterations, we can 

get as small of an error as we would like.  

If I consider the current level of error to be small enough, I can finish the analysis by summing 

all of the columns in the table (including the initial fixed end moments) to get the total end 

moment for each end of each member (as shown in the bottom row of Table 10.2). Pinned ends 

(such as node A) will have a total moment of zero. Member ends at fixed support location (such 

as nodes E and F) will have non-zero total end moments which are in equilibrium with the 

moment reactions at the fixed supports. For other nodes (such as nodes B and C), the sum of all 

the final end moments for the connected members must be zero (within the margin of error of the 

analysis). This is the case for the end moments shown in Table 10.2. If this is not the case, then 

there must be some error in the analysis. 

Once we have finished the iterative part of the moment distribution method analysis, we can use 

the end moments to calculate the shears and axial forces in each member of the frame as shown 

in Figure 10.10. This is the same as what was done previously in the slope deflection method 

analyses (see Chapter 9). 

http://www.learnaboutstructures.com/Moment-Distribution-Method-for-Frames#tab:Mom-Dist-Frame-Example
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Figure 10.10: Indeterminate Frame Analysis using the Moment Distribution Method Example - Finding 
Shear and Axial Forces 

Then, knowing the shears and end moments, the shear and moment diagrams for the frame may 

be constructed as shown in Figure 10.11.  

http://www.learnaboutstructures.com/Moment-Distribution-Method-for-Frames#fig:Mom-Dist-Frame-Example-D
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Figure 10.11: Indeterminate Frame Analysis using the Moment Distribution Method Example - Shear and 

Bending Moment Diagrams.  

http://www.learnaboutstructures.com/sites/default/files/images/9-Moment-Dist/Mom-Dist-Frame-Example-D.png


UNIT – V 

 Kani’s Method: Analysis of continuous beams – including settlement of 

supports and single bay portal frames with and without side sway 

Kani's method, also called the Rotation Contribution Method, is an approximate 

calculation method for indeterminate structures, particularly portal frames and 

multi-story frames with fixed connections. It is a much simpler and less time 

consuming method compared to the Moment Distribution Method 

KANI’S METHOD FOR ANALYSIS OF INDETERMINATE  STRUCTURES: 

This method was developed by Dr. Gasper Kani of Germany in 1947. This method 

offers an iterative scheme for applying slope deflection method. We shall now see 

the application of Kani’s method for different cases. 
 

I. Beams with no translation of joints: 

 
 



Let AB represent a beam in a frame, or a continuous structure under transverse 

loading, as show in fig. 1 (a) let the MAB & MBA be the end moment at ends A & B 

respectively. 

Sign convention used will be: clockwise moment +ve and anticlockwise moment 

–ve. 

The end moments in member AB may be thought of as moments developed due 

to a superposition of the following three components of deformation. 

1. The member ‘AB’ is regarded as completely fixed. (Fig. 1 b). The fixed end 

moments for this condition are written as MFAB & MFBA, at ends A & B 

respectively. 

2. The end A only is rotated through an angle A by a moment 2 ' AB M inducing a 

moment ' AB M at fixed end B. 

3. Next rotating the end B only through an angle B by moment ' 2MBA while 

keeping end ‘A’ as fixed. This induces a moment ' BA M at end A. 

 

Thus the final moment MAB & MBA can be expressed as super position of three 

moments 

 

For member AB we refer end ‘A’ as near end and end ‘B’ as far end. Similarly 

when we refer to moment MBA, B is referred as near end and end A as far end. 

Hence above equations can be stated as follows. The moment at the near end of a 

member is the algebraic sum of (a) fixed end moment at near end. (b) Twice the 

rotation moment of the near end (c) rotation moment of the far end. 

 

Rotation factors: Fig. 2 shows a multistoried frame. 

 



 

Consider various members meeting at joint A. If no translations of joints occur, 

applying equation (1), for the end moments at A for the various members meeting 

at A are given by: 
 

 

 



 

 

Analysis Method: 

 

In equation (6) MFAB is a known quantity. To start with the far end rotation 

moments ' BA M are not known and hence they may be taken as zero. By a similar 

approximation the rotation moments at other joints are also determined. With the 

approximate values of rotation moments computed, it is possible to again 

determine a more correct value of the rotation moment at A from member AB 

using equation (6). 

 

The process is carried out for sufficient number of cycles until the desired degree 

of accuracy is achieved. 

 

The final end moments are calculated using equation (1). 

 

 

 

 

 



Ex 1: Analyze the continuous beam shown in fig 

 

 

 

 

 

 

 

 



 



 

 



 

 
 



Ex 2: Analyze the continuous beam shown in fig. 5 (a) and draw BMD & SFD 

 

 



 

 

 

  



 

 



II. Kani’s method for members with translatory joints: 

 

Fig. 6 shows a member AB in a frame which has undergone lateral displacement 

at A & B so that the relative displacement is = B A 

 

If ends A & B are restrained from rotation FEM corresponding to this displacement 

are  
 

 

 

 
 

 

 

 

 

 



 
 
Ex 3: In a continuous beam shown in fig. 7 (a). The support ‘B’ sinks by 10mm. 

Determine the moments by Kani’s method & draw BMD. 
 

 



 
 

 

 



 

 



 

 



UNIT – VI 
Introduction to Matrix Methods: Flexibility methods: Introduction, application to 

continuous beams (maximum of two unknowns) including support settlements. Stiffness method: 

Introduction, application to continuous beams (maximum of two unknowns) including support 

settlements. 
 

Stiffness Method for One-Dimensional Truss Elements 

We will look at the development of the matrix structural analysis method for the simple case of a 

structure made only out of truss elements that can only deform in one direction. This will allow 

us to get a taste of how matrix structural analysis works without having to learn about all of the 

details and complexities that are present in beam and frame systems. As we will see, since we 

have only one-dimensional truss elements, each node in the system only has one possible degree 

of freedom (translation along the axis of the structural members). 

In previous stiffness methods, each degree of freedom was dealt with separately. For example, in 

the slope-deflection method, we ended up with one equation for each degree of freedom. Then 

we had to solve for the unknown deflections and rotations by solving the system of equations. 

In matrix structural analysis, we will end up with the same equations. But we will construct those 

equations using matrices that represent each element stiffness. Putting these stiffness matrices 

together, we will be able to construct a large matrix for the entire structure, that represents all of 

the equations that we had previously in the slope-deflection method. Since all of our equations 

will be in matrix form, we can take advantage of matrix methods to solve the system of equations 

and determine all of the unknown deflections and forces. Computers are well-adapted to solve 

such matrix problems. 

The One-Dimensional Truss Element 

Recall that the deformation of a truss element may be found using the following equation:  

δ=FLEA                                                     (1) 

where δ 

is the axial deformation, F is the axial force in the truss element, L is the length of the element, E is the 

Young's modulus, and A 

is the cross-sectional area of the element. This equation may be rearranged to find the following 

relationship between axial force and axial deformation: 

F=(EAL)δ                                   (2) 



The term that is multiplied by the deformation to get the force is the axial stiffness:  

k=EAL                                        (3) 

With this background, we can look at the behaviour of a one-dimensional truss element as shown 

in Figure 11.1. This truss element has a constant Young's modulus E and cross-sectional area A. 

It has two ends, which we can consider to be connected to two separate nodes in our structure, 

one labelled '1' and one labelled '2' as shown in the figure. We can represent the complete 

behaviour of this entire element through the force and displacement of the two nodes. The force 

at node 1 is labelled Fx1 and the force at node two is labelled Fx2. Likewise, the displacement of 

node 1 (relative to its initial position) is labelled Δx1 and the displacement of node two is 

labelled Δx2 

. 

Figure 11.1: One-Dimensional Truss Element 

We can relate the forces to the displacements at the two ends of the member using the stiffness 

term from equation (3) 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:One-Dimension-Bar
http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eq1D-Truss-Stiffness
http://www.learnaboutstructures.com/sites/default/files/images/10-Stiff-Method/One-Dimension-Bar.png


; however, we need to relate the end displacement to the bar deformation (these are not the same 

thing). For, example, if both the left and right sides move by 1.0 unit positive (to the right), then 

the entire bar moves to the right as a rigid body, neither expanding or contracting, so the 

deformation would be zero. The deformation can be related to the end node displacements as 

follows: 

δ=Δx2−Δx1(4) 

So, the total internal axial force in the bar is equal to: 

F=(EAL)(Δx2−Δx1)(5) 

Due to horizontal equilibrium, Fx1=−Fx2 

. The magnitude of these external forces is equal to the internal force in the truss element. If the internal 

force from equation (5) is positive, the bar is in tension, so the force on the left (Fx1) must point to the 

left (negative), and the force on the right (Fx2) must point to the right (positive). So: 

Fx1Fx2=−(EAL)(Δx2−Δx1)=(EAL)(Δx2−Δx1)(6)(7) 

These two equations define the force/deflection behaviour of the truss at both nodes 

simultaneously. They are only a function of displacements of the nodes (the nodal 

displacements) and the forces applied to the nodes (the nodal forces). 

We can easily express these two equations in a matrix form as follows: 

  

where the matrix on the left of the equal sign is called the force vector, the large central matrix is 

called the stiffness matrix and the smaller matrix on the right with the displacements is called the 

displacement vector. The term vector just means a matrix with only one column. If we multiply 

the large central matrix by the vector of displacements on the right, we get: 

                        
which are the same as equations (6) and (7) 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eqtruss1D-int-force
http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eqTruss1D-Mat-Line1
http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eqTruss1D-Mat-Line2


 This matrix equation constitutes a complete model for the behaviour of a one-dimensional truss 

element. The large matrix in the middle is called the stiffness matrix of the element because it 

contains all of the stiffness terms. It contains the most important information for the model, and 

it is useful to think about it as a separate element: 

 

This is the stiffness matrix of a one-dimensional truss element. Other types of elements have 

different types of stiffness matrices. For a truss element in 2D space, we would need to take into 

account two extra degrees of freedom per node as well as the rotation of the element in space. 

Beam elements that include axial force and bending deformations are more complex still. For 

real physical systems, stiffness matrices are always square and symmetric about the diagonal axis 

of the matrix. 

Another way to think about the construction of a stiffness matrix is to find the forces at either 

end of the element if the element experiences a unit deformation at each end (separately). This 

works because the stiffness is defined as the force per unit deformation. If we don't know the 

stiffness matrix, we can figure it out by first starting with the general form of the stiffness matrix 

for our element: 

 

where k11, k12, k21 and k22 

are the individual terms within the stiffness matrix that we want to find. The first number in the 

subscript is the row in the matrix where the stiffness term is located, and the second number is 

the column in the matrix where it is located. 

So let's individually set each displacement to 1.0 while setting the other to zero to calculate the 

stiffness terms. This process is shown in Figure 11.1. If we set Δx1=1 

and Δx2=0 

, we get: 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:One-Dimension-Bar


  

Multiplying this out, we get: 

 

So, when Δx1=1 

and Δx2=0, Fx1=k11 and Fx2=k21. So, to find the stiffness terms k11 and k21, we just need to find out 

what the force is in the truss element at each end when Δx1=1 and Δx2=0. This situation is shown in the 

middle of Figure 11.1. When the left side of the truss moves to the right by 1.0 and the right side remains 

in the same place, the truss element is in compression with a total deformation δ=−1.0 

. This means that the force at the left end of the bar is: 

Fx1=(EA/L)(1)                           (17) 

which is positive because it points to the right for compression, as shown in the figure. The force 

at the right end of the bar is: 

Fx2=−(EA/L)(1)                         (18) 

which is negative because it points to the left for compression, as shown in the figure. This 

means that: 

 

If we switch the displacements and set Δx1=0 

and Δx2=1 

, we get: 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:One-Dimension-Bar


 

Multiplying this out, we get: 

 

So, when Δx1=0 

and Δx2=1, Fx1=k12 and Fx2=k22. This situation is shown in the lower diagram in Figure 11.1. When 

the right side of the truss moves to the right by 1.0 and the left side remains in the same place, the truss 

element is in tension with a total deformation δ=1.0 

. This means that the force at the left end of the bar is: 

Fx1=−(EA/L)(1)                 (24) 

which is negative because it points to the left for tension, as shown in the figure. The force at the 

right end of the bar is: 

Fx2=(EA/L)(1)                    (25) 

which is positive because it points to the right for tension, as shown in the figure. This means 

that: 

 

If we now take all of these solved stiffness terms and construct the stiffness matrix of the 

element, we get: 

 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:One-Dimension-Bar


which is the same stiffness matrix that we derived previously in equation (12) 

. 

Assembling the Full Stiffness Matrix 

If we have a structural analysis problem with multiple one-dimensional truss elements, we must 

first define the stiffness matrices for each individual element as described in the previous section. 

After we define the stiffness matrix for each element, we must combine all of the elements 

together to form on global stiffness matrix for the entire problem. This matrix defines all of the 

interconnections between the elements and includes all of the information related to the stiffness 

of each element for each degree-of-freedom. 

The resulting global stiffness matrix is put into an equation with the global nodal force vector 

(which contains all of the forces for each node in each DOF) and the global nodal displacement 

vector (which contains all of the displacements of each node in each DOF) to get a global system 

of equations for the entire problem with the following form: 

 

 

where Fi is the external force on node i, kij is the global stiffness matrix term for the force on 

node i needed to cause a unit displacement at node j, and Δj is the displacement at node j. This is 

for a structure that has n nodes, where you need one row for each nodal DOF. This global 

stiffness matrix is made by assembling the individual stiffness matrices for each element 

connected at each node. For example, an element that is connected to nodes 3 and 6 will 

contribute its own local k11 term to the global stiffness matrix's k33 term. Likewise, it will 

contribute its own k12 term to the global stiffness matrix's k36 term, k21 to k63 and k22 to k66 

. Each element stiffness matrix is added to the global stiffness matrix in this way. Multiple 

contributions in a single node are added together. This process will be demonstrated using an 

example. 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eq1DTruss-Stiffness-Matrix


Solving for Nodal Forces and Displacements 

Once the stiffness matrix is formed, the full system of equations in the form shown in 

equation (29) 

may be solved. At each nodal DOF (each row), we must either know the external force or the 

nodal deflection. Then, we can solve only those rows where we don't know the deflection. Once 

we have all of the nodal deflections, we can solve for the nodal forces. Then, using the individual 

element stiffness matrices, we can solve for the internal force in each element. 

There are numerous different computer algorithms that may be used to solve the matrix of 

equations, but these are outside the scope of this book.  

Example 

The full process for a matrix structural analysis for a one dimensional truss will be demonstrated 

using the simple example shown in Figure 11.2. This is a one dimensional structure, meaning 

that all of the nodes are only permitted to move in one direction. This structure consists of four 

different truss elements which are numbered one through four as shown in the figure. These 

elements are connected at four different nodes, also numbered one through four as shown. The 

left end of the structure, at node 1 is restrained and cannot move. Nodes 2 and 4 have external 

loads, and Node 3 has an imposed displacement of 13mm to the right (positive). 

 

Figure 11.2: Stiffness Method Analysis for One Dimensional Truss Example 

The truss elements in Figure 11.2 are made of one of two different materials, with Young's 

modulus of either E=9000MPa or E=900MPa. These are labelled in the figure and are 

shaded differently as shown. Each element also has its own different cross-sectional area A as 

shown. 

The first step in this analysis is to determine the stiffness matrix for each individual element in 

the structure. Since these are all one-dimensional truss members, we can use equation (12) . For 

element 1 (connected to nodes 1 and 2): 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#mjx-eqn-eqtruss1D-Full-System
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Now we can form the global stiffness matrix based on these individual stiffness matrices for each 

element and the connected node locations for each. For example, element 3, which is connected 

to nodes 2 and four will contribute stiffness terms to elements 22, 24, 42, and 44 of the global 

stiffness matrix. The contributions to the global stiffness matrix [k] 



 

For an analysis problem to be fully-defined, for each node we always know either the external 

force on that node, or the deflection of the node. Knowing the force may just mean that we know 

that the external force is zero on a node, but we don't know the displacement. For this problem, 

as shown in Figure 11.2, we know that the external force at node 2 is −350N 

(F2=−350) and that the external force at node 4 is +1100N (F4=1100). We know that the 

displacement at node 1 is zero because it is fixed (Δ1=0). We also know that there is an imposed 

displacement at node 3 of 13mm (Δ3=13). This node is forced to move exactly 13mm 

. If we weren't given an imposed displacement at node 3 and that node was free to move, then we 

would know instead that the external force at node 3 is zero. Putting this information into our 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:Stiffness-Example-A


system of equations, we get: 

 

This is a system of four equations and four unknowns. This is a system that is easily solved using 

a computer. For this example, since there are only two free displacement degrees of freedom, we 

can expand the second and fourth rows (the second and fourth equations) to get: 

 

Solving this system of two equations and two unknowns, we get: 

Δ2=17.79mm 

                                                    Δ4=8.62mm 

This solution suggests that both nodes 2 and 4 move towards the right, which makes sense based 

on the system shown in Figure 11.2.  

After solving the displacements at nodes 2 and 4, we now know the displacements at all of the 

nodes. We can now easily multiply through the first and third rows of the system of equations to 

get: 

F1=−970N 

F3=+222N 

These two forces are equivalent to the reaction forces at the fixed end and the imposed 

displacement location. 

The complete solution for the external forces and displacements of this one-dimensional truss is 

shown in Figure 11.3. 

http://www.learnaboutstructures.com/Stiffness-Method-for-One-Dimensional-Truss-Elements#fig:Stiffness-Example-A
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Figure 11.3: Stiffness Method Analysis for One Dimensional Truss Example - Nodal Forces and 
Displacements 

To find the internal forces in individual elements, we can take the global nodal displacements 

and use them with the original element stiffness matrices. For element 1: 

 

http://www.learnaboutstructures.com/sites/default/files/images/10-Stiff-Method/Stiffness-Example-B.png
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