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Indeterminate beams

e Statically determinate beams:
— Cantilever beams
— Simple supported beams
— Overhanging beams

e Statically indeterminate beams:
— Propped cantilever beams
— Fixed beams
— Continuous beams
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Indeterminate beams

* Propped cantilever Beams:
G T

Degree of static indeterminacy=
NO. of unknown reactions — static equations=3-2 =1
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Indeterminate beams

 Fixed beam:

A fixed beam is a beam whose end supports are such that the
end slopes remain zero (or unaltered) and is also called a built-in
or encaster beam.

Gt

Degree of static indeterminacy=
NO. of unknown reactions — static equations=4-2 =2
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Indeterminate beams

Continuous beam: Continuous beams are very common in the structural
design. For the analysis, theorem of three moments is useful.

A beam with more than 2 supports provided is known as continuous

beam. l l
T T T

Degree of static indeterminacy=
NO. of unknown reactions — static equations=3-2 =1

(4 11 )

Degree of static indeterminacy=
NO. of unknown reactions — static equations=5-2 =3
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Fixed Beams

* B.M. diagram for a fixed beam : 7%} W,
Figure shows a fixed beam AB l l
carrying an external load system. 3 E
Let V, and V; be the vertical w, w,
reactions at the supports A and B. l l

@ D
Let M, and M be the fixed end 4 Mg

Moments.
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Fixed Beams
The beam may be analyzed in the following stages.

(i) Let us first consider the beam as Simply supported.

Let v, and v, be the vertical reactions at the supports A and B.
Figure (ib) shows the bending moment diagram for this condition.
At any section the bending moment M, is a sagging moment.

Wi W,

L !
TVa VbT

(ia) Freel\i/ supported condition

(ib) Free B.M.D.
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Fixed Beams

* (ii) Now let us consider the effect of end couples M, and M,
alone.

Let v be the reaction at each y
end due to this condition. a Ms

\%

\
Suppose Mg > M. (iia) Effect of end couples
Mp—Mg4

ThenV = ——=. My’
If Mg > M, the reaction V is ’/

upwards at B and downwards at A.  (iib) Fixed B.M.D.
Fig (iib). Shows the bending moment

diagram for this condition.
At any section the bending moment M,, is hogging moment.
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Fixed Beams

 Now the final bending moment
diagram can be drawn by

combining the above two B.M. Q l ‘l’
M, M,

diagrams as shown in Fig. (iiib)

Now the final reaction V, =v_-v
and Vg=v,+v
The actual bending moment at any (iiib) Resultant B.M.D.

section X, distance x from the end A is given by,

d?y ,
EI ﬁ= Mx _Mx

Dr. PVenkateswara rao, Associate Professor, 10
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Fixed Beams
Wl WZ

| !
v, )

(ia) Freely supported condition

-] T

(ibi) Free B.M.D.

(||b) Fixed B.M.D.

(iia) Effect of end couples
Wy W,

| l
QMA MBD

v, [(iiia) Fixed beam y_ (|||b) Resultant B.M.D.

Dr. PVenkateswara rao, Associate Professor,

11
Dept. of Civil Engg., SVCE



Fixed Beams

d2
EI—y—M - M,

: Integrg%mg, we get,
EI |2 ] = [\ Mydx — [, Mydx
0
 But at x=O,— =0
dx
and at x = l,ﬂz 0
dx

Further fol M, dx = area of the Free BMD = a
l

fM;Cdx = area of the fixed B.M.D = a’

Substituting in the above equation, we get,
O=a-—a’
~a=a

Dr. PVenkateswara rao, Associate Professor,
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Fixed Beams

a=a
- Area of the free B.M.D. = Area of the fixed B.M.D.
Again consider the relation,

El 4%y =M,—M,'
dx?
Multymg by x we get,
d*y ,
Elx W = M X — M
. Integratlng we get,
L /
. fOEIx dx2 f M, x dx —f M. x dx

. El [xa — y] 0= ax-a’x’

Where x= distance of the centroid of the free B.M.D. from A.
and x'= distance of the centroid of the fixed B.M.D. from A.



Fixed Beams

e Further at x=0, y=0 and &y - 0

dx

 and at x=l, y= Oanddy—O

dx
e Substituting in the above relation, we have

0 =ax-a'x”

ax=a'x’
or X=X
~. The distance of the centroid of the free B.M.D . From A= The
distance of the centroid of the fixed B.M.D. from A.

.a=a
X=X

Dr. PVenkateswara rao, Associate Professor,
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Fixed Beams
Wl WZ

| !
v, )

(ia) Freely supported condition

-] T

(ibi) Free B.M.D.

(||b) Fixed B.M.D.

(iia) Effect of end couples
Wy W,

| l
QMA MBD

v, [(iiia) Fixed beam y_ (|||b) Resultant B.M.D.
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Fixed beam problems

Find the fixed end moments of a fixed beam subjected to a
point load at the center.

VI B

/2 /2
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e A=A
Mxl—lxlel
2 4

w
M=?=MA=MB

W

Fixed beam problems

Aa _ l

Free BMD

Fixed BMD

Wi

]

Resultant BMD
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Fixed beam problems

Find the fixed end moments of a fixed beam subjected to a
eccentric point load.
E 3

]

=
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Fixed beam problems

- W
c A =4 ) a | b |
A _j v B
M, +M 1 Wab l
< Exl==x1x Wab
y) 2 [ l
ab N
My + Mg = T —(1)
. X’ — 5 M, Free BMD
Mpg
My + 2Mp £ _ lt+a Fixed BMD

M,+Mgz ~ 3 3
a
MB=MAX

[ —a

My =2

Dr. PVenkateswara rao, Associate Professor,
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Fixed beam problems

W
Wab y a | b |
Myt My === —===() A : h
q l
Mp =My X————(2 Wab? Wab
g 4 b ( ) ?2 - Wha?
By substituting (2) in (1), ‘ ] : N i - ‘12
VVClb2 Resultant BMD
MA — l2
From (2),
Wha?
MB — lz
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Clapeyron’s theorem of three moments

/

M
2

A
A’V‘WW
MAQ l
T 1

* Asshown in above Figure, AB and BC are any two successive
spans of a continuous beam subjected to an external loading.

* If the extreme ends A and C fixed supports, the support
moments My, Mgand M, at the supports A, B and C are given
by the relation,

6a;x; 6axx;

MAll + ZMB(ll + lz) + Mc(lz) — l + l
1 2
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Clapeyron’s theorem of three moments (contd...)

bax; 6a-,x,
11_|_ 2X2

Myly +2Mp(ly + 1) + Mc (1) = l l
1 2

Where,
a, = area of the free B.M. diagram for the span AB.
a, = area of the free B.M. diagram for the span BC.

x1= Centroidal distance of free B.M.D on AB from A.

X, = Centroidal distance of free B.M.D on BC from C.

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

(b)

leed B.M.D

Dr. PVenkateswara réo Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

A B C
WM (a)The given beam
dx Mx
x/ﬂi\ﬂ\ (b) Free B.M.D.
Free B.M.D
dx M,’ Mg
X <—>
Ma = . \\/’C (c) Fixed B.M.D.
x—ll x—zl
Fixed B.M.D

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

e Consider the span AB:

* Let at any section in AB distant x from A the free and fixed
bending moments be M, and M, respectively.

 Hence the net bending moment at the section is given by

d*y :
EIW= Mx _Mx

* Multiplying by x, we get
d’y :
EIX@ = Mxx — Mx X

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

dZ
. EIx— Mx—M X

* [Integrating from x=0to x = [, we get

EIJ dxz jdex—jM "x dx

El [x.—y — ] = j M, x dx —j M, x dx —— —(1)
dx 0 ’ J

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

|A B C
/RN E

But it may be such that
At x = 0, deflectiony =0

Atx =1,y = 0; and slope at B forAB,Z—i’ = O
foll M, x dx = a;x; = Moment of the free B. M. D.on AB about A .

foll M,'x dx = a; x;' = Moment of the fixed B. M. D. on AB about A.

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

] I, ly ly
EI [x.—y— ] = foxdx—f M, xdx ——(1)
dx 0 J J

* Therefore the equation (1) is simplified as,
El[l10p4 — 0] =a;X; —ajxy .

But a} = area of the fixed B.M.D. on AB = (M4t Mp) L

(MA+2MB) l4

x; = Centroid of the fixed B.M.D. from A =
Mp+Mp 3

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

 Therefore,

' (MA_I_MB) )((MA+2MB) ll
= 1

i
= (My4 + 2Mp)—
M,+Mg/ 3 (M4 B)g

2
Ell10p,= a1X1 — (M4 + ZMB)%

6a1x_1

6E1 BBA — I — (MA + ZMB)ll — — — —(2)

Similarly by considering the span BC and taking C as origin it can
be shown that,

6a2x_2

6E1 BBC: L — (Mc+2MB)l2 ————(3)

05 = slope for span CB at B

Dr. PVenkateswara rao, Associate Professor, 79
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Clapeyron’s theorem of three moments (contd...)

* Butfgp, = — Op. asthe direction of x from A for the span
AB, and from C for the span CB are in opposite direction.

* And hence,0g,4 + O, =0

6EI Opy = 22— (M, +2Mp)l;  ——— —(2)
1
6E1 HBC — 08352 _ (MC + ZMB)IZ — = — —(3)
I

* Adding equations (2) and (3), we get

6a1x1 n 6a;x,

EI 0g,+6El Opc == l
1 2

— (M4 +2Mp)l; — (M¢ + 2Mp)l,

6a.x; 6azx;
6EI(BBA + 03(;) — ll + lz - [MAll + ZMB(ll + lz) + Mclz]

Dr. PVenkateswara rao, Associate Professor,
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Clapeyron’s theorem of three moments (contd...)

6ax; 6a-,x-,
0 = ll 1y lz 2 _[Myly + 2Mg(ly + 1) + Ml,]
1 2

6a;x; 6a;x;
[MAll + ZMB(ll + lz) + Mclz] — l + l
1 2
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Problems

A continuous beam of three equal span is simply supported
over two supports. It is loaded with a uniformly distributed load
of w/unit length, over the two adjacent spans only. Using the
theorem of three moments, find the support moments and
sketch the bending moment diagram. Assume El constant.



Problems
w/ unit length

e Solution: A . B C D

wl? wl?
/_8\/_8\

* The theorem of three
moments equation for two spans is,

My(ly) + 2Mp(ly + 1) + Mc(1;) =

Free B.M.D.

6a;x; + 6a,x,
Ly 7

Apply the theorem of three moment equation for spans AB and BC
IS,

ba, x4 6a,x,
11_|_ 2X2
l4 L,

M,y (D) + 2Mp(L+ 1) + Mo(D) =

Dr. PVenkateswara rao, Associate Professor,
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Problems
w/ unit length

SOlUtiOﬂ: A MVWVW

2
O A i
_EWI 8 8
x]_:E
Free B.M.D
2 wl?
a, =§XlXT
- [
x2=5
0 6><—wl3><i 6X—W l3><£
WD)+ 2Mp (1 + 1) + M (D) = 4 12
2
4Mp + Mg =2 ———— —(1)

Dr. PVenkateswara rao, Associate Professor,
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Problems
w/ unit length

e Solution: A . B C D

wl? wl?
/_8\/_8\

* The theorem of three
moments equation for two spans is,

My(ly) + 2Mp(ly + 1) + Mc(1;) =

Free B.M.D.

6a;x; + 6a,x,
Ly 7

Apply the theorem of three moment equation for spans BC and CD
IS,

6a,xq
Ly

Mg(D) + 2M (L + 1) + Mp (D) = +0

Dr. PVenkateswara rao, Associate Professor,
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Problems
w/ unit length

SOlUtiOﬂ: A MVWVW\/‘V‘W‘S\

al — g X l X —

" wl? wl?
=—wl® 8 8
o m/_\

==
2 Free B.M.D.
6><—Wl3><i
MB(l)+2MC(l+l)+%(l) - 2 4+ 0
2

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

¢ 4Mg + 16M; =wl? ———— —(2) X 4
4Mpg + Mc =" ———— (1)
15M, = WTZZ () X 4— (D)
ot
30

2

Substitute M, = % in equation (2),

M +4><W12—Wl2
B 30 4
y _7wl2
B 60

Dr. PVenkateswara rao, Associate Professor,
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37



Fixed beam Problems

* A fixed beam AB of span 6 m carries uniformly varying load of
intensity zero at A and 20 kN/m at B. Find the fixed end
moments and draw the B.M. and S.F. diagrams for the beam.

Dr. PVenkateswara rao, Associate Professor,
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Problems
2o><§ 20 kN/m

Consider any section XX distant x from the end A, the intensity of
wXx 20x

loading at XX = — =
L 6

: . 20
Hence the load acting for an elemental distance dx = Txdx

Due to this elemental load the fixed moments are as follows:

Wab?
AM, = —

20x
£ dx xx X (6—x)%  20x%(6 — x)2dx
62 B 63

Dr. PVenkateswara rao, Associate Professor, 39
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Problems
2o><§ 20 kN/m

and
Wha? . . o
dM, = 1z (Formula is derived from basic principles)
_ S axx(6-0X()® _ 20x*(6-x)dx
- 62 63

Taking fixing moment at A,

l 6 ,
f = j—6 2(6 — x)%dx
0 0

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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My

Problems

6
20
— | x? 2 —12
1E x“(36 + x x)dx
| 6
20 36x3+x5 12x%
216 3 5 4
0
_20[36x6° 6° 12x6*
- 216| 3 5 4
oo MA — 24 kNm

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

l 6

20
Mg =JdMB = j§x3(6—x)dx

0 0
-iofied].
216 | 4 5

0
20 [6*x6 6°
216 4 5

oo MB —_ 36 kNm

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

Free BMD:

X
y _wl* 20 x 67 A g
= 46.18 kNm (Cubic parabolic curve) 6m

46.18 kNm
Will occur at 6/4/3 m from left end A.
‘
6/V3
Free BMD
Fixed BMD

Dr. PVenkateswara rao, Associate Professor,
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Problems

Resultant BMD: 20X g 20 kN/m

46.18 kNm

+ —

36 kNm

I~

6/v3

Resultant BMD

Dr. PVenkateswara rao, Associate Professor, 44
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Problems

Calculation of support reactions: 20x X 20 kN/m
dx - 6
_ X
QA ’/ i R
Z il X ;>X B N
My=0 24 6m 36
R, Ry

1 2
RB><6+24=36+§><6><20><§><6

252
RB ZTZ 42 kN

1
Ry +42 ==X 6 X 20
R, = 60 — 42 = 18 kN

Dr. PVenkateswara rao, Associate Professor,
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Problems

SFD:

S.FFE@ A=+18 kN

S.F. @ B=-42 kN

SFD between A and B 18 kN 42 kN
is a parabola.
18 kN Parabola
S.E@XX=0 ‘ \
1 X !
18—§><x><20><g=0 3.29m
10x2
18 — SFD
6 42 kN

x=3.29m

Dr. PVenkateswara rao, Associate Professor,
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Problems

Resultant BMD 20x = 20 kN/m
& SFD: dx—"" ©
A R ) | »
X Xem BN\
46.18 kNm 36 kNm

+
24 KNm

—

v A

6/v3 =3.46 m

18 kNr \

3.29m

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Fixed Beams - Problems

A beam AB of 12m span has fixed ends. It carries a downward
load of 120 kN at 4 m from end A and an upward load of 80 kN
at 6 m from end B. Calculate the fixed end moments and draw
the bending moment diagram.

Dr. PVenkateswara rao, Associate Professor,
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Fixed Beams - Problems

Dept. of Civil Engg., SVCE

| 120 kN
* Solution: 4 4m | Im
* The M (Free B.M.) and M’ (Fixed j A -
B.M.) diagrams have been shown 6m I B .
in Fig.(b) and (c) respectively. ( )
a|
For the M-Diagram:
1 %
A =5 %6x160 = 480 kNm (b)
My
For the M’ di . W
c?r I\e%4 .\ I\I/?Bgram i F|Xed B. M D (c)
A = > X 12 = 6(My + M) 17 \ |
(d)
Dr. PVenkateswara rao, Associate Professor, 49



Fixed Beams - Problems
e Area of the fixed B.M. D. = Area of the free B.M.D.

A=A
6(M, + Mp) = 480
MA‘l‘MB :80 """""" (1)

The distance of the centroid of the free B.M. D. from A = The
distance of the centroid of the fixed B.M.D. from A.

e, x =x'
6+4 (My+2Mp ><12
3\ My + Mg 3

(M, + 2Mg)12=(M, + Mz)10

12M, + 24 Mg — 10 M, — 10Mp = 0
2M, + 14 Mz = 0

M, = —7Mp ———— —(2)

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Fixed Beams - Problems
Substitute M, = —7Mpg in equation (1)
_7MB + MB — 80

e 120 kN
My = —13.33 kNm I [ T
MA — _7MB 6 m 1 6 m

— _7(—13.33) = 93.33 80 kN

# M, = 93.33 kNm

Dr. PVenkateswara rao, Associate Professor, 51
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Problems

* Atwo span continuous beam ABC is fixed at the left end A and
placed over simple supports at B and C such that AB=12 m and
BC=10 m. It carries a concentrated load of 20 kN at 4 m from
the end A. In addition, the beam carries a uniformly distributed
load of 2kN/m over BC. Assuming uniform section throughout,
analyse the beam and sketch the shear force and B.M.diagrams.



Problems
* Imagine a part A’ to the left

2
of Asuchthat AA’=0. A B
il
' Pam ] 1om

* Applying theorem of three

Moments for spans AA’ & AB.
We have, /\/:\

0+ 2M,(0 + 12) + Mg (12)

6 x (% X 12 X 53.33 X 6.67)
— 0+ —

24 My + 12 My = 1067.13
ZMA ~+ MB — 8893 ————— _(1)

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

./1 A ZOlkN 3 p) kN/m c
pm -
* Applying theorem of three ﬂ im T 10 m
Moments for spans AB & BC. 53.33

25

We have, /\/Z\

M,(12) + 2Mz(12 + 10) + M, (12)

1

) 6><(§><12><53.33)><5.33+6><(%xleZS)xS
12 10

12 M, + 44 Mg + 10M, = 1352.75
6M, + 22My + 5M, = 676.375

Since at Cis simply supported, M = 0
N 6My + 22Mp = 676.375 ——— —(2)

Dr. PVenkateswara rao, Associate Professor,
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Problems

A B
T
6M, + 22Mgz = 676.375 — —(2) ‘=—— m

6M, + 3Mz = 266.78 — —(1) x 3 >3.33

19M, =409.895
oo MB — 2157 kNm

By substituting Mz = 21.57 in equation (1), we get
2M, + 21.57 = 88.93
oo MA — 33.68 kNm

Dr. PVenkateswara rao, Associate Professor,
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Problems

20 kN 21.57 2157

2 kN/m
C

33.68
An | %) QTWC\A
pm 12 m

10m ‘

RA RB RB

For span AB, ), My, =0
Rg X 12 +33.68 = 21.57 + (20 X 4)

67.875
Rp = ——— =566 kN

R, =20 — 5.66 = 14.34 kN.

For span BC, ), Mz=0
(Rcx 10)+21.57=2x 10 X 5

R =7.84 kN
Ry = 20 — 7.84 = 12.16kN.

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

M, = 33.68 kNm n zolk'\' 5 2kN/m
Mg = 21.57 kNm -
ﬂ$ 12 m T 10m

R, = 14.34 kN X

4 = 14. 33.68 N
Rp = 5.66kN in span AB
Rp = 12.16KkN in span BC
R-=7.84 kN B.M.D. (in kNm)

14.34 16
5.66 5.66 5 84
S.F.D. (in kN) '

Dr. PVenkateswara rao, Associate Professor, 57
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Problems

* A fixed beam of span 10 m carries uniformly distributed load
of 20 kN/m over the left half of the span. Analyse the beam
and sketch the B.M. and S.F. diagrams for the beam.



Problems

20dx
20 kN/m

A%&l% EB

X X

5m

10 m
Consider any section XX distant x from the end A, the intensity of
loading at XX = 20

Hence the load acting for an elemental distance dx = 20dx

Due to this elemental load the fixed moments are as follows:

Wab? L . .
dM, = 12 (Formula is derived from first principles)

~ 20dx xx x (10 —x)?  20x(100 + x? — 20x)dx
B 102 B 102

Dr. PVenkateswara rao, Associate Professor, 59
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Problems
20dx

20 kN/m gy <
A \ X

A_a\lr \lr‘l"l'*l' B
X X

5m

10 m

and

Wbha?

de — LZ

(Formula is derived from basic principles)

_20dxx(6—-x)x(x)* _ 20x%(6—x)dx
- 102 - 102
Taking fixing moment at A,
5 5

20
M, = fdMa = fmx(mo + x?% — 20x)dx

0 0

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

5

M _fzo (100 + x2 — 20x)d
4= | T00% X x)dx

0
5
_ 20 100x2_|_x4 20x3
100 2 4 3
0

20 [100 x 54 5% 20x53

RET 3

* M, = 114.58 kNm

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

5

Mg —Jde _Jloz x2(10 — x)dx

0

~ 20 x3

100 3

_ 20 [5¥x10 5*
100 3 4

. Mg = 52.08 kNm

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE
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Problems
20dx

Free B.M. calculations: 20 kN/%x lix

Taking moments about A, AVIV T 3T B

Ry x 10 = 20 X 5 X 2.5 X x |

Rz = 25kN R4=75 5m R =75
5=

R, = 20 X 5 — 25 = 75 kN 10 m

B.M. is maximum at shear force changes sign, i.e. S.F. is zero.
S.F. atdistance x, F, = 75— 20x =0

X = >0 = 3.75 m from A.

2
B.M. at x = M, = 75x — 2=

2
Atx = 5m, Mg = 75 X 5 — 20 X = = 125 kNm

2
Atx = 3.75 M, My, = (75 X 3.75) — == = 140.625 kNm

Dr. PVenkateswara rao, Associate Professor, 63
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Problems

X
. M5 = 140.63kNm T 1y 4y ¥ i
RA:=75 S5m [ ‘.
| .> Rp=2
' 10m 5 5
140.63

3.75m

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

20 kN/m ¢4 20dx
X .
N y \ 1 C N
114.58 kN C % L Nf Exl \9 52.08 kNm
! AN
5m
Va 10 m V,

SFD Calculations:
To find reactions, Taking moments about B,
Vyx10—-114.58—-20x5%x (5+2.5)+52.08=0
~ V= 81.25 kN
Vg = (20 x5) —81.25 = 18.75 kN
S.F. @A=81.25 kN
S.F. @ C=81.25-(20x 5) = —18.75 kN
S.F. @B=-18.75 kN
S.F. @ XX=0, 81.25-(20x x) =0, -~ x =4.0625m

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Poaklems

20 kN/m gy <
A ¢\V¢ :%X‘t
114.58kNmC;1 ra—
+ X
5m

Vi 10m

QP) 52.08 kNm
A

81.75 kN |

+

Vs

S

SFD

4.06 m

N
A

I
1

11458 — _— ]

]7

18.75 kN

50.46 kNm

‘;\‘Elsz.os
—1 B.M.D

4.06m

1
N

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE
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Continuous beam with supports at different levels

|A B Mg C,_
MA ‘/) MC
[ L
T 1

1160 4, !

I
* Consider the continuous beam shown in above Figure. Let the

support B be §; below A and below C.
* Consider the span AB:

e Let at any section in AB distant x from A the free and fixed
bending moments be M, and M, respectively.

* Hence the net bending moment at the section is given by

d*y

Elw — Mx — Mx
* Multiplying by x, we get
d2
Elx— = M, x — M, x

dx?
Dr. PVenkateswara rao, Associate Professor,
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Continuous beam with supports at different levels
d2

. EIx— Mx—M X

* [Integrating from x=0to x = [, we get

El M, — | M,
j dxz j x dx j "x dx

El [x.—y — ] = j M, x dx —j M, xdx —— —(1)
dx 0 J J

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE o8



Continuous beam with supports at different levels

A B Mp C
M /j-v—w-wv-\r‘vw J;D MC
A X |1 &;51 l d
4‘% 1 | 2 A
|

But it may be such that
At x = 0, deflectiony =0

Atx =1,y = —04; and slope at B forAB,Z—i’ = Og
foll M, x dx = a;x; = Moment of the free B. M. D.on AB about A .

foll M, x dx = aj ¥;' = Moment of the fixed B. M. D. on AB about A.

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE o9



Continuous beam with supports at different levels

] I, ly ly
EI [x.—y— ] = foxdx—f M, xdx ——(1)
dx 0 J J

* Therefore the equation (1) is simplified as,
EI[l1054 — (=61)] =a;X; —ajXy .

But a} = area of the fixed B.M.D. on AB = (M4t Mp) L

(MA+2MB) l4

x; = Centroid of the fixed B.M.D. from A =
Mp+Mp 3

Dr. PVenkateswara rao, Associate Professor,

7
Dept. of Civil Engg., SVCE 0



Continuous beam with supports at different levels

 Therefore,

— l]_X( )

i
= (My4 + 2Mp)—
M,+Mg/ 3 (M4 B)g

« EI(140p4+61) = ar¥; — (M + 2Mp) -
6a1X_1 6E151
ll ll

Similarly by considering the span BC and taking C as origin it can be
shown that,

6EI HBA —_ — (MA + ZMB)ll — _(2)

6a,x, 6EIld,
[ >
05 = slope for span CB at B

6E1 HBC —

— (M¢ + 2Mg)l, —— —(3)

Dr. PVenkateswara rao, Associate Professor,
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Continuous beam with supports at different levels

* Butfgp, = — Op. asthe direction of x from A for the span
AB, and from C for the span CB are in opposite direction.

* And hence,0g,4 + O, =0
6a;x; O6EI0;

6EI HBA —_ ll ll — (MA + ZMB)ll —_ _(2)
6a,x, O6EIS
6EI HBC — lzz 2 — lz 2 — (MC + ZMB)lz —_— _(3)

Adding equations (2) and (3), we get

6ba,x; 6a,x, 6FI6; 6EIJ,
= + — —
l4 [, [ [,

— [Muly + 2Mp (L4 + 1) + ML)

Dr. PVenkateswara rao, Associate Professor,
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0= +

Continuous beam with supports at different levels

6El (054+05c)

_6a1x_1+6azﬁ 6EI6; 6FEIo,
L > Ly Z

— [Myly +2Mp (1, + 1) + M1, ]

_ ba;x;  6bayx, 6EId; 6EIl,

Ly L Ly L

— [Myly +2Mp (1, + 1) + M1, ]

6a;x; 6a,Xx, 5, 6
Myl + 2Mg(l; + 1) + M1, ]| = 1%1 | 2%2%2 o1 02

Dr. PVenkateswara rao, Associate Professor,
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Problems

* The following Figure shows a continuous beam carrying an
external loading. If the support B sinks by 0.25 cm below the

level of the other supports find support moments. Take | for
section= 15000 cm* and E=2x103 t/cm?.

A 4t/m B C 2 t/m D
4 m . 4m 4m

Dr. PVenkateswara rao, Associate Professor, 24
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Problems

 The theorem of three moments for two spans AB and BC is as
follows,

ba;x; 6axx; 5 O
[Maly + 2Mp(ly + 1) + Mclp] = —— +——= — 6EI (z_l N 2)
1

L L L,
* Consider the spans AB and BC,
e My=0
e 04 =+0.25cm
* 0, =+40.25cm

Dr. PVenkateswara rao, Associate Professor,
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Problems

A 4t/m B C 2 t/m D

4 m

.O.Zl—fcm '4m . 4Am

8 tm

4 tm

N

2
d a1=—><4><8
3

ba g | 6X3X4X8X2

I 4

bay; | 6X3X4X8X2

L, 4

Free BMD
_6><2><103><15000
= 64 okl = 1002
= 18000 tm?
= 64

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

- 4Am ‘0.25cm am : 4m :
| | 8 tm
| 4 tm
6a, %] 60,7 ) 5
Myl + 2Mg (L + 1) + ML, ]| = 171,772 2—6E1< 1 2)
P04 2Mp(%+4) + 4Mc = 64+ 64— 18000 (400 400)

o+ 16Mg+aM, = 128 — 22.5
¢ 16MB+4MC —_ 1055
¢ 4MB+MC —_ 26375 — _(1)

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE 7



Problems
A 4t/m B C

Now consider the spans BC and CD,

Md:O,
61 = —0.25cm
52 =(

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems

A 4t/m B C 2 t/m D
. ' 4n; ‘0.25'cm '4m . 4m
' | 8tm
g 4 tm
6a, x4 '6a Xo o) I5
Myl 4+ 2Mg (L + L) + ML) = —— + —22 _ 6E[ | = + -2
l1 [, 07 l1 Olz
MpX4+2M-(4+4)+0=64+32—18000 '
p X4+ 2Mc(1+4) + T (400 T %00
¢ & 4Mg+16M, = 96 + 11.25
e 4Mg+16M, = 107.25 ——— —(2)

Dr. PVenkateswara rao, Associate Professor,
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Problems
AMg+M, = 26375 ——— —(1)
AMg+16M, = 107.25 ——— —(2)
Solving (1) and (2), we get,
Mg = 5.24 tm (hogging).
M. = 5.39 tm (hogging).

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Problems
4t/m B

4 m

0.25cm
‘f 4 m

8 tm

C 2 t/m D
. 4 m :
5.39tm 4tm

BMD

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

M, is negative (hogging) and My is positive (sagging). Numerically
M, and Mg are equal.

Let V be the reaction at each support.

Dr. PVenkateswara rao, Associate Professor,

2
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

M/ﬁ """"

Consider any section distance x from the end A.

Since the rate of loading is zero, we have, with the usual notations
4

d*y
El——=0
dx*?

Integrating, we get,
d3

Shear force = El — = Cy
dx3

Where C;is a constant
Atx =0, S.F.=+4V
o Cl — V

Dr. PVenkateswara rao, Associate Professor,
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

M/ﬁ """"

2
B.M. at any section = EI% =Vx + (C;
Atx =0, BM.=—-M,

Cz = —My
d?y
EIW = Vx — MA

Integrating again,
EIZ—?Z = gxz — M,x + C5 (Slope equation)

Butatx =0, X=0 ~Cy=0

dx

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Fixed beam with ends at different levels (Effect of

sinking of supports),,

Integrating again,
Vx3  Myx?

Ely = — +C, --—-- (Deflection equation)
Butatx =0,y =0
N Cp =0
Atx =,y =—-0
Vi3 Myl? _
—El 6 = S S —— —(i)

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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Fixed beam with ends at different levels (Effect of

sinking of supports),,

d
But we also know that at B, x = [ and d—y =0

X
And substitute in slope Eq. EIZ—?; = %xz — Myx
Vi?
2M
aV = TA ——————— —(ii)
VI3 Myl?

é ....... A —— . B —
M A I %‘./

|

|

|

Substituting in deflection Eq.(i) i.e., —E1 6 = — =
2M, 13 Myl?
—EIl 6 = X — —
Dr. PVenkateswara rlo, Associat63rofessor, 2
Dept. of Civil Engg., SVCE

'we have,

86



Fixed beam with ends at different levels (Effect of
sinking of supports),,

6E10
MA = l2

Hence the law for the bending moment at any section distant x
from A is given by,

d?y
M = EIW = Vx — MA
2M,  6EIS
o.oMz_x_

l |2

Dr. PVenkateswara rao, Associate Professor,
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

l t M_‘;(S
N B

But for B.M.at B, putx = |,
2M, 6E1H B 12E16 6EIS B 6E1H

e

Hence when the ends of a fixed beam are at different levels,

. 6EIS .
The fixing moment at each end = ” numerically.

At the higher end this moment is a hogging moment and at the
lower end this moment is a sagging moment.

Dr. PVenkateswara rao, Associate Professor, 33
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Problems

* A fixed beam of span 5 metres carries a concentrated load of 20 t
at 3 meters from the left end. If the right end sinks by 1 cm, find
the fixing moments at the supports. For the beam section take
1=30,000 cm*and E=2x103 t/cm?2. Find also the reaction at the
supports.

Dr. PVenkateswara rao, Associate Professor,

Dept. of Civil Engg., SVCE 89



Problems

* A fixed beam of span 5 metres carries a concentrated load of 20 t
at 3 meters from the left end.

1cm

* The right end sinks by 1 cm, find the fixing moments at the
supports.

Dr. PVenkateswara rao, Associate Professor,

90
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Problems

20t

_ Wab*®  6EIS l 2m

My = E 12 MAQ?[ x. B
N1 cm

_ [20x3x22 n 6Xx2Xx103%30, 000><1] L
B 521002 [t
= —[9.6 + 0.48] tm=-10.08 tm (hogging) Mg

Wba? = 6EIS
MB —_- — 12 ~+ 12

_ [ 20x2x3? n 6x2x103x30, 000><1] m
52 52x1002
= —14 4 + 0.48] tm=-13.92 tm (hogging)

Dr. PVenkateswara rao, Associate Professor,
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Problems

A 7/ 3m
10.08 Q’,:

Reaction at A: Vs
ZMBZO;
VyXx5+1392—-10.08—-(20%x2)=0
SV =7.232¢

Reaction at B:

2 Vg =20—7.232=12.768t

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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A.U. question paper problems

Find the fixed end moments of a fixed beam subjected to u.d.|
for whole span of the beam.

Dr. PVenkateswara rao, Associate Professor,
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A.U. question paper problems

* A fixed beam ACB of span 6 m is carrying a concentrated
clockwise couple of 150 kN-m applied at a section 4m from
the left end. Find the end moments from the first principles.
Draw BM and SF diagrams.(Apr/May2015)

Dr. PVenkateswara rao, Associate Professor, 94
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A.U. question paper problems

For the beam given in Fig., find the moment and reaction at
the supports. Draw SFD and BMD. Take AB=2 m; BC=3 m;
CD=4 m; DE=3 m; EF=8 m. (Apr/May2015)

50 kN
80kN 10 kN/m
A Bl C Dl E

T Sm T 7m T 8 m

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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A.U. question paper problems

* A continuous beam ABC of uniform section, with span AB and
BC as 6m each, is fixed at A and supported at B and C. Span AB
carries UDL of 2 kN/m and BC having a midpoint of 12 kN.

Find the support moments and the reactions. Also draw the
SFD and BMD of the beam. (Nov/Dec 2014)

Dr. PVenkateswara rao, Associate Professor, 96
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A.U. question paper problems

 Whatis the Clapeyron’s theorem of three moments? Derive
an expression for Clapeyron’s theorem for three moments.
(Nov/Dec 2014)

Dr. PVenkateswara rao, Associate Professor,
Dept. of Civil Engg., SVCE
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A.U. Question paper problems

* A continuous beam ABC, is loaded as shown in Figure. Find the
support moments using three moment equation. Draw shear
force and bending moment diagram. (Nov/Dec 2012)

) 115 kN 20 KN/m

| om W
A / v -
1 10 m 10 m

N N NN\

Dr. PVenkateswara rao, Associate Professor,
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A.U. Question paper problems

* A cantilever ABC is fixed at A and propped at C is loaded as
shown in the following Figure. Find the reaction at C. (May/June
2013)

10 KN/m
A MB C
i 4m 2m T

Dr. PVenkateswara rao, Associate Professor,
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A.U. Question paper problems

* A cantilever beam ABC of span ém fixed at A and propped at C
is loaded with an udl of 10 kN/m for a length of 4m from the
fixed end. Find the prop reaction. Draw shear force and
Bending moment diagram. Find the maximum sagging bending
moment and point of contraflexure. (Nov/Dec 2012)

Dr. PVenkateswara rao, Associate Professor,
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A.U. Question paper problems

A propped cantilever of span 6 m is subjected to a u.d.l. of
2kN/m over a length of 4 m from the fixed end. Determine the

prop reaction and draw the shear force and bending moment
diagrams. (May/June 2012)

Dr. PVenkateswara rao, Associate Professor, 101
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A.U. Question paper problems

* A two span continuous beam fixed at the ends is loaded as
shown in the Figure. Find (i) moment at supports (ii) reactions
at the supports. Draw the B.M. and S.F. diagrams. (May/June
2013)

) 6KN/m 120 kNm
A ~ONB N\ Cl
/

10 m T 4m‘/3m %

Dr. PVenkateswara rao, Associate Professor,
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A.U. Question paper problems

* A continuous beam ABCD 20 m long is fixed at A, simply
supported at D and carried on the supports B and C at 5 m and
12 m from the left end A. It carries two concentrated loads of
80 kN and 40 kN at 3 m and 8 m respectively from A and
uniformly distributed load of 12 kN/m over the span CD.
Analyse the beam by theorem of three moments and draw the
shear force and bending moment diagrams. (May/June 2012)



BN

2 marks Questions and Answers

Explain briefly about fixed end moments.
Define theorem of three moments.
What is meant by prop ?

What is the value of prop reaction in a propped cantilever of
span ‘L, whenitis subjected to a u.d.l over the entire length?

What are the advantages and limitations of theorem of three
moments?

Determine the prop reaction for a cantilever beam with udl
over entire span.

Write the three moment equation, stating all the variables
used.



