UNIT- IV
PUSHDOWN AUTOMATA
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PUSH DOWN AUTOMATA

After going through this chapter, you should be able to understand :

Push down automata

Acceptance by final state and by empty stack
Equivalence of CFL and PDA

Interconversion

Introduction to DCFL and DPDA

6.1 INTRODUCTION

APDA is an enhancement of finite automata (FA). Finite automata with a stack memory can be
viewed as pushdown automata. Addition of stack memory enhances the capability of Pushdown
automata as compared to finite automata. The stack memory is potentially infinite and it is a data
structure. Its operation is based on last - in - first - out (LIFO). It means, the last object pushed
on the stack is popped first for operation. We assume a stack is long enough and linearly arranged.
We add or remove objects at the left end.

6.1.1 Model of Pushdown Automata (PDA)

A model of pushdown automata is shown in below figure. It consists of a finite tape, areading
head, which reads from the tape, a stack memory operating in LIFO fashion.

e Input Tape

Reading _,{\
Head
P .
Finite State Control = «— Stack

FIGURE : Model of Pushdown Automata
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There are two alphabets ; one for input tape and another for stack. The stack alphabet is denoted
by r and input alphabet is denoted by 3 . PDA reads from both the alphabets ; one symbol
from the input and one symbol from the stack.

6.1.2 Mathematical Description of PDA
A pushdown automata is described by 7 - tuple (Q,2,1",8, ¢¢,Z,F) , Where
1. @ isfinite and nonempty set of states,

2. ¥ isinputalphabet,

3. T isfinite and nonempty set of pushdown symbols,

4, & isthetransition function which maps

From Q x (Z U {g}) x I to (finite subset of) O x I'*,

g, € @, isthe starting state,

. Z, e TI',isthestarting (top most or initial) stack symbol, and
7. F ¢ Q,isthesetof final states.

o >

6.1.3 Moves of PDA
‘The move of PDA means that what are the options to proceed further after reading inputs in
some state and writing some string on the stack. As we have discussed earlier that PDA is
nondeterministic device having some finite number of choices of moves in each situation.
The move will be of two types :
1. Inthe firsttype of move, an input symbol is read from the tape, it means, the head is advanced
and depending upon the topmost symbol on the stack and present state, PDA has number of
choices to proceed further.

2. Inthe second type of move, the input symbol is not read from the tape, it means, head is not
advanced and the topmost symbol of stack is used. The topmost of stack is modified without
reading the input symbol. It is also known as an ¢ -move.

Mathematically first type of move is defined as follows.
8(q,a,Z) = {(py.)\(P2:@3 ) Py, )} s Where for 1 < i < n,q, p, are states in
Q,ack, Zel,and ael *.

PDA reads an input symbol a and one stack symbol Z in present state g and for any value(s) of

i, enters state p, , replaces stack symbol Z by string «, eI * , and head is advanced one cell on

the tape. Now, the leftmost symbol of string ¢ is assumed as the topmost symbol on the stack.

Mathematically second type of move is defined as follows.
5(g,6,2) = {( p1:@ 1(P2s@2)sn(py-@,)} s Where for 1 < i < n,q, p, are states in

Q,acl Zel,and a, T *.
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PDA does not read input symbol but it reads stack symbol Z in present state ¢ and for any
value(s) of 7, enters state p, , replaces stack symbol Z by string «, € I' *, and head is not

advanced on the tape. Now, the leftmost symbol of string ¢, is assumed as the topmost symbol

on the stack.

The string , be any one of the following :

l. a, =e inthiscase the topmost stack symbol Z,,, iserased and second topmost symbol
becomes the topmost symbol in the next move. It is shown in figure (a).

.l al b
Z\ g
e [
Z;
Z: |_>
— :

2. a, =c¢,c e I' ,inthis case the topmost stack symbol Z, , is replaced by symbol c. It is

Zt -1

FIGURE(a): Move of PDA

=)

shown in figure(b)
‘e a b
———> Z.,
Z,
Zi
>~——> q .

Itis shown in figure(c).

FIGURE(b): Move of PDA
3. a,=c¢,cy..c, ,inthiscase the topmost stack symbol Z, , isreplaced by string cic,...c,,-




DEPARTMENT OF CSE

6.4 FORMAL LANGUAGES AND AUTOMATATHEORY
i
a | b\’ b
| | - > -
ey I -_——_>_ <
] | Z' ’ __Ez ot
4 zr.—l Q { .
' = I | .
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' ' 1 !Z‘
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FIGURE(c): Move of PDA

6.1.4 Instantaneous Description (ID) of PDA

LetPDA M = (0,213,494, Z,,F) , thenits configuration ata given instant can be defined by
instantaneous description (ID). An ID includes state, remaining input string, and remaining stack
string (symbols). So, anID is (¢,x,a) ,where g€ Q. xe Z*, a e I' *.

The relation between two consecutive IDs is represented by the sign I—-— ;

We say (q,ax,Zp) [P, x.@f) if § (¢.a, Z) contains (p,a), where Z,B,ae'*,a
maybenullora €Z, p,g € Q forM

The reflexive and transitive closure of the relation |5~ is denoted by |77
Properties :
1. If (q,x,a)lx}-(p,e,a),whcre ael*xel*,and p,g €Q,thenforall y eX *.

(@3, )Py, @),

2; 1f (q,xy,a)lﬁ(p,y,a), where a eTl*x,yeZ*, and p,q € Q, then
(q,x,a)IM;(p,e,a), and

3. If (q,x,a)ﬁ(p,e,ﬂ), where a, Bel*xel*, and p,geQ, then

(g,x,0 7)1%(17:6:,37), where Y el *
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6.1.5 Acceptance by PDA

Let Mbe a PDA, the accepted language is represented by N(M). We defined the acceptance by
PDA in two ways.

1. Let M =(Q,ZT.8, g,.2,,F) ,then N(M)1is accepted by final state such that
N(M ]={W=(‘-’}n:W,Zn}|M%{QpEﬁ} , where ¢ e O, weI*Z,,fel*, and

q, € F}

It is similar to the acceptance by FA discussed earlier. We define some final states and
the accepted language N(M) is the set of all input strings for which some choice of moves
leads to some final state.

2, Let M =(Q.ET.6.9,.Z,.¢)then N(M) is accepted by empty stack or null stack such
that N (M )= {wig,.w.Z, }IT;“{P,EE}. where p € O, w e 2%}
The language N(M) is the set of all input strings for which some sequence of moves
causes the PDA to empty its stack.

Note : If acceptance is defined by empty stack then there is no meaning of final state and it is
represented by ¢ .

Example : consider a PDA M =({g,.q,.9,}.la.c}.{a.Z;},6.4.Z,.{q,}) shown in
below figure. Check the acceptability of string aacaa.

a, Zy, aZy . d, €
¢, a, ;:{‘\ Tz :
—@ (1)=22(a)
a,a,aa ' .

FIGURE : PDA accepting {a"ca" :n=z1}

Note : Edges are labeled with Input symbol, stack symbol, written symbol on the stack.
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Solution :
The transition function § is defined as follows :

3(q0:a.Z4) = {(q0,9Z,)} »
8(qq,a,a) ={(g9,aa)},
8(qq;¢,a) = {(g,,a)} »
8(q,,a,a) ={(¢;,€)}, and

5(‘]1 :Gszo) = {(‘72»20)}
Following moves are carried out in order to check acceptability of string aacaa :

(90,aacaa ,Zo){(4o,acaa ,aZ,)
—(q,,caa ,aaZ )

—(q,,aa,aaZ ;)

“(‘Inaaazo)
"_(41"5’20)
]—(qz,e,Zo)

HenCe, (qo aaacaa 920 )’%(Qz ,€ ’ZO ) .
Therefore, the string aacaa is accepted by A7.

6.2 CONSTRUCTION OF PDA

In this section, we shall see how PDA's can be constructed.

Example 1 : Obtain a PDA to accept the language L(M) = { wCw"| w e (a+b)*} where

R is reverse of W.
Solution:

Itis clear from the language L(M) = { wCw™} thatif = abb

then reverse of w denoted by & willbe % _ pp, and the language L willbe R
i.e., abbCbba which is a string of palindrome.
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So, we have to construct a PDA which accepts a palindrome consisting of a's and b's with
the symbol C in the middle. ‘

General Procedure :

To check for the palindrome, let us push all scanned symbols onto the stack till we encounter
the letter C. Once we pass the middle string, if the string is a palindrome, for each scanned input
symbol, there should be a corresponding symbol ( same as input symbol) on the stack. Finally, if
there is no input and stack is empty, we say that the given string is a palindrome.

Step 1 : Input symbolscanbeaorb.
Let g, be the initial state and Z, be the initial symbol on the stack. In state ¢, and when top

of the stack is Z;, whether the input symbol is a or b push it on to the stack, and remain in ¢, .
The transitions defined for this can be of the form

(g0, a, Zp) = (qo, aZg)

5(qo, b, Zp) = (o, bZy)
Once the first scanned input symbol is pushed on to the stack, the stack may contain either
aorb. Now, in state g, , the input symbol can be either a or b. Note that irrespective of what is

the input or what is there on the stack, we have to keep pushing all the symbols on to the stack,
till we encounter C. So, the transitions defined for this can be of the form

3(qq, @, @) = (4o, aa)
5(qo, b, @) = (o, ba)
8(qos a, b) = (go, ab)
5(qq, b, b) = (o, bb)

Step 2 : Inputsymbol isC

Now, if the next input symbol is C, the top of the stack may be a or b. Another possibility is
that, in state g, , the first symbol itself can be C. In this case w is null string and Z, will be on the
stack. In all these cases, the input symbol is C i. e., the symbol which is present in the middle of
the string. So, change the state to g, and do not alter the contents of the stack. The transitions
defined for this can be of the form

5(99,C.24)=(4q1:%,)
8(q0.C,a)=(g,.a)
8(g0,C,b)=(q,,b)

Now, we have passed the center of the string.
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Step 3 : Input symbolscanbe aorb.
To be a palindrome, for each input symbol there should be a corresponding symbol ( same
as input symbol ) on the stack. So, whenever the input symbol is same as symbol on the stack,

remain in state ¢, and delete that symbol from the stack and repeat the process. The transitions
defined for this can be of the form

(qy,a,a) = (g, 9
6(thob) = (qh G)

Step 4 : Finally, in state g, , if the string is a palindrome, there is no input symbol to be scanned
and the stack should be empty i. e., the stack should contain Z,. Now, change the state to ¢, and
do notalter the contents of the stack. The transition for this can be of the form
a1, & Zy) = (92.4p)
So, the PDA M to accept the language L(M) = {wCw®| w e(a,b) * } is given by
M =(Q.2.1'.6.94,2,,F)
Where  O0={q, q. ¢2}; Z={a,b,C}; I'={a,b7)}
4 : isshown below,
6(g0: a. Zy) = (g0, aZy)
0(q0, b, Zy) = (g0, bZ))
6(qp. a, a) = (go. aa)
5(qp, b, a) = (qy, ba)
8(qo: a,b) = (go, ab)
3(qo, b, b) = (go, bb)
8(q0.C,Z¢)=(q,2,)
0(g,,C.,a)=(q,,a)
6(q0,C,b)=(q,,b)
6(gy,a,a) = (g1, ©
6(q,.5,b) = (g, ©
g, e7Zy) = (@, %)

gy € Q is the start state of machine.
Z, ' isthe initial symbol on the stack.
F ={q,} isthe final state.
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To accept the string :

The sequence of moves made by the PDA for the string aabCbaa is shown below.
Initial ID

(gy, aabChaa, Z) - (qy, abChaa, aZ;)
= (qq, BChaa, aaZy)
- {gy, Chaa, baaZ)
f= (gy,baa,baaZ,)
= (g1,aa,0aZ,)
1= (gy,a,02,)
|- (41:8.2,)
- (92, & Zy)
( Final Configuration )
Since g, is the final state and input string is € in the final configuration, the string aabCbaa
is accepted by the PDA .

To reject the string :
The sequence of moves made by the PDA for the string aabCbab is shown below .
Initial Iy
(qy, aabChab, Z,) (g9, abChab, aZy)
}_ (fjl'u-.. -bc-‘bﬂb, WZU]
|= (g0, Chab, baaZ,)
k- (g1, bab, baaZ,)
[_ (‘h! ﬂb: aazﬂ'.}
= (g1, b aZy)
( Final Configuration )
Since the transition &(g,, b, @) isnot defined, the string aabChab is not a palindrome and
the machine halts and the string is rejected by the PDA.

Example 2 : Obtain a PDA to accept the language L = { 4" 5"} n= 1} by a final state.
Solution :

The machine should accept n number of a's followed by n number of b's.
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General Procedure :

Since n number of a's should be followed by n number of b's, let us push all the symbols on
to the stack as long as the scanned input symbol is a. Once we encounter b's, we should see that
for each b in the input, there should be corresponding a on the stack. When the input pointer
reaches the end of the string, the stack should be empty. If stack is empty, it indicates that the
string scanned has n number of a's followed by n number of b's.

Step 1: Let g, be the start state and Z; be the initial symbol on the stack. As long as the next
input symbol to be scanned is a, irrespective of what is there on the stack, keep pushing all the
symbols onto the stack and remainin ¢, . The transitions defined for this can be of the form
(qp.a.Zy) = (g0, aZy)
d(4gp,a.a) = (4o, aq)
Step 2 : Instate ¢, , if the next input symbol to be scanned is b and if the top of the stack is a,
change the state to ¢, and delete one b from the stack. The transition for this can be of the form
6(qp.0.0) = (q1, &

Step 3 : Once the machine is in state g, , the rest of the symbols to be scanned will be only b's
and for each b there should be corresponding symbol a on the stack. So, as the scanned input
symbol is b and if there is a matching a on the stack, remain in g, and delete the corresponding
a from the stack. The transitions defined for this can be of the form

6 ( ql ’b ,0) = (qn e)

Step 4 : In state g, , if the next input symbol to be scanned is e and if the top of the stack
is 2, (it means that for each b in the input there exists corresponding a on the stack) change the
state to g, which is an accepting state. The transition defined for this can be of the form
5(q,e2) = (429
So, the PDA to accept the language L={a" b"|n>1} isgivenby M = (Q.Z,1',6,9¢,Zy.F)
where 0= {4y, 41, 32} E={a, b}; T={a %}
& : isshown below.

0(q9,8,Z2y)=(q¢,aZ )

S (g9, a, @) = (gq, aa)

5 (40, b, @) = (q1, ©
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d(q1, b, a) =(q), 9
(g, & 2Zy) = (92, ©
g, €Q is the start state of machine
Z, eI isthe initial symbol on the stack
F ={g,} isthe final state.

To accept the string :
The sequence of moves made by the PDA for the string aaabbb is shown below.
Initial ID
(qq, aaabbb, Z,) - (qq, aabbb, aZ)

» (g0, abbb, aaZ,)
- (90, bbb, aaaZy)
o (q, bb, aaZy)

E (@, b, aZy)

|— (q:.€, Z4)

'_ (‘]2 » 5 ZO )
(Final Configuration )

Since ¢, is the final state and input string is € in the final configuration, the string aaabbb
is accepted by the PDA.

To reject the string :
The sequence of moves made by the PDA for the string aabbb is shown below.

Initial ID

(g4,aabbb,Z,) i~ (9o, abbb, aZ,)
- (go, bbb, aaZy)
- (91, bb,aZy)
- (91, b, Zy)

Since the transition 8(g,,b, Z) is not defined, the string aabbb is rejected by the PDA.
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Example 3 : Obtain aPDA to accept the language L( M) = { wiw e(a +b) and n,(w) =n,(w)}

solution :

The language accepted by the machine should consist strings of a's and b's of any length.
Only restriction is that number of a's in string w should be equal to number of b's . The order of
a's and b's is irrelevant. For example aaabbb, ababab, aababb etc. are all the strings in the
language L(M).

General Procedure :

The first scanned input symbol is pushed on to the stack. From this point onwards, if the
scanned symbol is same as the symbol on to the stack, push the current input symbo! on to the
stack. If the input symbol is different from the symbol on the top of the stack, pop one symbol
from the stack and repeat the process. Finally, when end of string is encountered, if the stack is
empty, the string w has equal number of a's and b's, otherwise number of a's and b's are different.

Step 1: Let g, be the start state and Z, be the initial symbol on the stack. When the machine
isin state g, and when top of the stack contains Z,, scan the input symbol ( either a or b)and
push it on to the stack. The transitions defined for this can be of the form.

5( 90, @, Zg) = (90> 9Z)

0(qqs by Zy) =(q0, bZ)

Step 2 : Once the first input symbol is pushed on to the stack, the top of stack may contain
either a or b and the next input symbol to be scanned may be a or b. If the input symbol is same
as the symbol on top of the stack, push the current input symbol on to the stack and remain in

state g, only. Otherwise, pop an element from the stack. The transitions defined for this can be
of the form 3( g0, a, a) =(qo, aa)

5( gy, b, b) =(go, bb)

8(4gq.a, b) =(qo, ©

5( gp, b, @) =(qp, ©)

Step 3 : Instate g, if the next symbol to be scanned is e (empty string) and top of the stack
is Z,, it means that for each symbol a there exists a corresponding band for each symbol b, there
exists asymbol a. So, the string w consists of equal number of a's and b's and change the state to
g, . The transition defined for this can be of the form

g0, & Zy) =(q, %)
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So, the PDA to accept the language L= {w|n,(w)=n,(w)} isgivenby M = (Q,2,I',6,90.Z,,F)
where  O0={q, ¢ }; Z={a,b};T={ab7}
é : isshown below
0(q4,a,29)=(q4,0Z ¢)
6(q0,0,2¢)=(q0,bZ,)
d(gqy,a,a)=(q,,aa)
3(q9,b,5)=(q4,bb)
6(qq.a,b)=(qy.€)
8 (qq, b, a) =(qq, €
6(q0,8:20)=(q91:2y)
gy € Q is the start state of machine.
Z, eI isthe initial symbol on the stack.
F ={q,} is the final state.

To accept the string :
The sequence of moves made by the PDA for the string abbbaa is shown below.

Initial ID
(g, abbbaa,Z;) - (qy, bbbaa, aZ;)

- (9o, bbaa, Z;)

- (90, baa, bZ,)

= (90, aa, bbZ;)

- (90, a, bZy)

- (90, & Zy)

- (a1, & Zy)
( Final Configuration)
Since g, is the final state and input string is < in the final configuration, the string abbbaa
is accepted by the PDA.,
To reject the string :
The sequence of moves made by the PDA for the string aabbb is shown below.
Initial ID
(9o, aabbb, Z;) t (qq, abbb, aZ,)
Iz (qo, bbb, aaZ,)

l— (QO. bb: aZO)
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:- (qO! b9 ZO)
- (90, & bZy)
(Final Configuration)

Since the transition 8(q,, ) is notdefined, the string aabbb is rejected by the PDA.

Note : To accept the language by an empty stack, the final state is irrelevant, the next input
symbol to be scanned should be e , and stack should to be empty. Even 2, should not be then

on the stack. So, the PDA to accept equal number of a's and b's using an empty stack, change
only the last transition in example 3. The last transition

qo, & Zy) = (91:2y)
can be changed as
5 (g0 & Zy) = (91,9
So, the PDA to accept the language L = {w|n,(w) =n, (w) } by anempty stack is given by
M=(0, L, T, 86, q9: 2y, €
where Q= {go, qi}; Z={a b}; T={a b Z}
& - isshown below & (g,, a,Z;) = (90, aZy)
S (qys b, 2Zy) = (g0, bZp)
5 (g0, @ a) = (qo. aa)
8 (qp, b,b) = (qo, bb)
5 (g0, @ b) = (40:9)
5(q0, b,a) = (0.9
0 (90, & 20) = (91,9
g, € Q is the start state of machine.
Z, T isthe initial symbol on the stack.
F ={¢}.
Note that PDA is accepted by an empty stack.
The sequence of moves made by the PDA for the string aabbab by an empty stack is
shown below.
Initial ID
(qq, aabbab, Z;) |- (g, abbab, aZy)
(g0, bbab, aaZ,)
t= (g0, bab, aZ,)
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;— (‘Io, ab9 ZO)
- (g0, b, aZy)
F (g, & Z)
t_ (ql » & E)
( Final Configuration)
Since the next input symbol to be scanned is « and the stack is empty, the string aabbab is
accepted by an empty stack.

Note : g, isnot the final state. Stack is empty .

Example 4 : Obtain a PDA to accept a string of balanced parentheses. The parentheses
to be consideredare(,) , [,].
Solution :

Note1 : Some of the valid stringsare: [ () () ([ D], & []1[]1 O
and invalid stringare: [) O[].) (¢ [)

Note 2 : e (null string ) is valid
Note 3 : Left parentheses can either be '("or'[' and right parentheses caneitherbe')'or']'.

Step 1 : Let g, be the start state and Z, be the initial symbol on the stack. The state g, itself
is the final state accepting < (anempty string).

Step 2: Inthe state g, , if the first scanned parentheses is'( or '[', push the scanned symbol on
to the stack and change the state to ¢, . The transition defined for this can be of the form
5(q0 :(vZO) = (ql!(zo)

6(q0.,Zy) = (Ql’ [20)
Step 3 : If at least one parentheses either '(' or [ is present on the stack and if the scanned
symbol is left parentheses, then push the left parentheses on to the stack. The transitions defined
for this can be of the form

(9, GO = (@, (0)
5(q, G0 = (@:.(D)
(gL = (g, [0)
(g, L) = (g.11)
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Step 4 : If the scanned symbol is ') 'and if the top of the stack is ‘(' pop an element from the
stack. Similarly, if the scanned symbol is' ] 'and if the top of the stack is' [ pop an element from
the stack. The transitions defined for this can be of the form

3aq) . () =@, 9
dqi.][) =g 9
Step 5 : When top of the stack is Z,, it indicates that so far all the parentheses have been
matched. At this point, on e - transition, the PDA enters into state g, and all the steps from
stepl are repeated . The transition for this can be of the form
(g1, €, Zy) = (90, %)
So, the PDA to accept the language consisting of balanced parentheses is given by
M =(Q.2,1,6,90.Zy,F)
where  0=1{ g0, 4 }3 Z={GCHL1} F={(L 2%}
& :isshown below .
3(q0, (, Zy) = (g, (Zp)
(g0, [+ Zo) = (g1, [Z)
3(q1, (,() = (g, (O)
(g, (L) =(q, (D)
(g, [.() =(g, [0
(g, [.[) =(a [D)
3(q,,).()=(q,.€)
3(q,.)[ ) =(q,.€)
0(g9,,€.24)=(g0-Zy)
g, € Q is the start state of machine.
Z, e T istheinitial symbol on the stack.

F={qe}-
Note that even ¢ is accepted by PDA and is valid.

To accept the string :
The sequence of moves made by the PDA for the string [ () () ([1) ]is shown below.
Initial ID
(9. TOO (D) Zp) F (@ 00D [Z)

- (@ OUD) [Z)
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= (g, )AD %)
(@ D] [Z)
(g, [ (1%)
F o 1D EIIZ)
= (@ )1, ([Zy)
= (G ) [Z)

= (e Z)

F (qO’ = ZO)
(Final Configuration )

Since the next input symbol to be scanned is =and the stack is empty, the string [ () () ([])]is
accepted by the PDA.

Example 5 : Obtain a PDA to accept the language L ={ wiw € (a, b)*and n,(w) >ny(w) } .
solution :

Note : The solution is similar to that of the problem discussed in example 3 in which we are
accepting strings of a's and b's of equal numbers. When we encounter end of the input i. e., &

and top of the stack is Z, , it has equal number of a'sand b's . But, what we want is a machine to

accept more number of a's than b's. For this, only change to be made is that when we encounter
e( i e., end of the input), if top of the stack contains at least one a, then change the final state to

g, and do not alter the contents of the stack. The transition defined remains same as problem
shown in example 3, except the last transition. The last transition is of the form
5 (gp,ea) =(q,a)
So, the PDA to accept the language L= {w|n,(w)>n,(w)}
is given by M =(Q,2.T,0,9¢,Zy,F)
where Q={qy, ¢} 3 Z={a,b}; T={ab,Z}
& : is shown below.

S(qys as Zy) = (g0 0Zy)
5(qp, b Zy) = (90.0Z)
0(q0, a a) = (4o,aa)
(g0, b b) = (g0, 0b)
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6 (qO: a, b) = (qO’ G)
é (qO! b! a) = (qO’ €)
6(qp, & @) = (q,a)

g, € Q is the start state of machine ; Z, T is the initial symbol on the stack.
F = {q,}isthe final state.
Note : Onsimilar lines we can find a PDA to accept the language
L={w|we(a,b)*and n,(w)< n,(w)}
i. ., strings of a's and b's where number of b's are more than number of a's . To achieve this only
change to be made in the above machine is change the final transition.

5(q0, s a) = (g, a)
to

5(‘10: =) b) = (Qp b)

So, the PDA to accept the language L = {wlwe(a,b) *and n,(w)< n,(w)}
isgiven by M =(0,2,T,8,94,2,,F)
where Q={gy,q}); Z={ab}; T={abZ};
& : is shown below .

0o a, Zp) = (90, aZy)
5(q0, b, Zy) = (90, bZp)
9 (gosa, @) = (qo, aa)
3 (g0, b, b) = (gq, bb)
5(q0.a, b) = (40,9
5(q0, b, @) = (40, ©

6 (QO, g b) . (qhb)
o € Q isthe start state of machine ; Z, e I isthe initial symbol on the stack
F ={q,} isthe final state.

Example 6 : Obtain a PDA to accept the language . = {a"b*"|n>1}.

solution :

The machine should accept n number of a's followed by 2n number of b's.
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General Procedure :

Since n number of a's should be followed by 2n number of b's, for each a in the input, push
twoa's on to the stack. Once we encounter b's, we should see that for each b in the input, there
should be corresponding a on the stack. When the input pointer reaches the end of the string, the
stack should be empty. If stack is empty, it indicates that the string scanned has n number of a's
followed by 2n number of b's .

Step 1: Let ¢, be the start state and Z, be the initial symbol on the stack. For each scanned
input symbol &, push two a's on to the stack. The transitions defined for this can be of the form
6 (qO ) 4, ZO) = (%: aazo)
0(q0, a, @) = (gy, aaa)
Step 2 : In state g, , if the next input symbol to be scanned is b and if the top of the stack is a,
change the state to g; and delete one b from the stack. The transition for this can be of the form
0(q0, b, a) = (41, ©
Step 3 : Once the machine is in state ¢, , the rest of the symbols to be scanned will be only b's
and for each b there should be corresponding symbol a on the stack. So, as the scanned input
symbol is b and if there is a matching a on the stack, remain in ¢, and delete the corresponding
a from the stack. The transitions defined for this can be of the form
é(qy, b, a) = (91, ©)
Step 4 : Instate g, ,if the next input symbol to be scanned is ¢ and ifthe top of the stack is Z;,
(it means that for each b in the input there exists corresponding a on the stack) change the state
to g, whichis an accepting state. The transition defined for this can be of the form

(g, & 2Zy) = (q2, ©

So, the PDA to accept the language L={a"b*" |n 21}
isgivenby M =(Q.,2,I',6.94,Z,.F)
where O0=1{40:9: 92} I ={a,b}; I'={a, Z,}

& : is shown below,
0 (g0, a, Zy) = (qo, aazy)
8 (90> a, a) = (qo, aaa)
8 (g0» bya) = (q1, €
5 (g, b,a) = (q,, 9
b &7Z) = (g2, ©
q, € Q isthe start state of machine ; Z, e I' is the initial symbol on the stack.
F ={q,} isthe final state.
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To accept the string :
The sequence of moves made by the PDA for the string aabbbb is shown below.
Initial ID
(qo» aabbbb, Z;) - (qo, abbbb, aaZ,)

= (go, bbbb, aaaaZ)
- (gqp., bbb, aaaZ,)
(g, bb, aaZy)
o (g, b, aZy)
oo & Zp)
- (9 & Z)
(Final Configuration)
Since g, is the final state and input string is e in the final configuration, the string aabbbb
isaccepted by the PDA.

To reject the string :
The sequence of moves made by the PDA for the string aabbb is shown below.
Initial ID
(ros aabbb: ZO) I" (qO’ abbbi aaZO)
I- (g, bbb, aaaaZ,)
(g0, bb, aaaZy)
‘_ (40 ’ b’ aazo)

I_ (QO » § azO)
( Final Configuration)
Since the transition &(g,, & @) isnot defined, the string aabbb isrejected by the PDA.

Example 7 : Obtain a PDA to accept the language L= { ww® | w e (a+b)*} .
solution :
Itis clear from the language 1(M)={ ww"} thatif w=abb
then reverse of w denoted by ,,® willbe 2 _ ppq
and the language L will be ,,,, i.e., abbbba which is a string of palindrome.
So, we have to construct a PDA which accepts a palindrome consisting of a's and b's. This

problem is similar to the problem discussed in example 1. Only difference is that in example 1, an
extra symbol C acts as a pointer to the middle string. But , here there is no way to find the mid

point for the string.
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General Procedure :

To check for the palindrome, let us push all scanned symbols onto the stack till we encounter
the mid point ( Remember that there is no way to find the midpoint). Once we pass the middle
string, to be a palindrome, for each scanned input symbol , there should be a corresponding
symbol  (same as input symbol) on the stack. Finally, if there is no input and stack is empty,
we say that the given string is a palindrome.

Step 1: Let g, be the initial state and Z, be the initial symbol on the stack. In state ¢, and
when top of the stack is Z,, whether the input symbol isa or b push it on to the stack, and remain
in g, . The transitions defined for this can be of the form

6(q0’ a, ZO) =(q0! azo)

5(40 ) b: z(]) o (QO £l bzo)

Once the first scanned input symbol is pushed on to the stack, the stack may contain either
aorb. Now, in state g, , the input symbol can be either a or b. Note that irrespective of what is
the input or what is there on the stack, we have to keep pushing all the symbols on to the stack,
till we encounter midpoint ( But, there is no way to find mid point. We continue this process till
we encounter mid point through our common sense ).

So, the transitions defined for this can be of the form

o(go, a,a) = (qo, aq)

o(qo, b,a@)  =1(qo, ba)

d(qo, a.b) =1(qq, ab)

6((]0, bb) = (q(b bb)
Step 2 : Now, once we reach the midpoint, the top of the stack may be a or b. To be a
palindrome, for each input symbol there should be a corresponding symbol ( same as input
symbol) on the stack. So, whenever the input symbol is same as symbol on the stack, change the
state to ¢, and delete that symbol from the stack. The transitions defined for this can be of the
m 5(‘-]0; a, a) = (qh G)

(4, b,0) =(q1: 9
Step 3 : Now, once we are in state g, , it means that we have passed the mid point. Now, the
top of the stack may be a or b. To be a palindrome, for each input symbol there should be a
corresponding symbol ( same as input symbol) on the stack. So, whenever the input symbol is
same as symbol on the stack, remain in state ¢, and delete that symbol from the stack. The
transitions defined for this can be of the form

(g, a,a) =gy, 9

g, b,6) =(491,9
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Step 4 : Finally, in state g, , if the string is a palindrome, there is no input symbol to be scanned
and the stack should be empty i. e., the stack should contain Z;. Now, change the state to g,
and do not alter the contents of the stack. The transition for this can be of the form

8ay.e2Z) =(92.2)
So, the PDA M to accept the language ~ L(M)={ ww" | w e(a,b) *}
isgivenby M =(Q,2,I',8,40,24, F)
where O=1{qgp, 91> 92} ={a,b}; T={abZ}
&:isshownbelow. &(qq a, Zy) = (g, aZp)
5 (90, b, Zy) = (4o, bZy)
8 (40, a, @) = (qo, aa)

8 (g0, b, @) = (4, ba)
S (g0, @, b) = (go. ab)
3 (q9, b, B) = (o, bb)
5(gq.a,a)=(q,,€)
8 (g0, b, B) = (q1, &
5(q, a,a) = (41, ©
5(qy, b, b) = (41, 9

3(q & Zy) = (g2, %)
go € O isthe start state of machine ; Z, T isthe initial symbol on the stack.
F ={q,} isthe final state.

Note that the transitions numbered 3 and 7, 6 and 8 can be combined and the transitions
can be written as shown below also .

5(q0,a, Zy) = (9 aZp)

5(qe: b, Zy) = (g0, bZy)
5(qpaa) = { (g aa) (g, O}
5(q0:0,a) = (qo, ba)

5(qp,a, b) = (4o, ab)

6(q0,0. ) = 1 (g0, bb), (g, €}
S(gpa,a) = (@9

8(q,b,b) = (9,9

d(q.e Zy) = (92:2p)
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Note that once the following transitions are applied
0(q9,a,a) ={(q,,aa ),(q,,€)}
6 (90, b'» b) = { (QDr bb)’ (ql ] e) }
if the input symbol is same as the symbol on top of the stack, the machine may push the
current symbol on to the stack, or it may pop an element from the stack. At this point, the
machine makes appropriate decision so that if the string is a palindrome, it has to accept . This
machine is clearly a non - deterministic PDA (in short we call NPDA).
To accept the string :
The sequence of moves made by the PDA for the string aabbaa is shown below.

Initial ID
(go, aabbaa, Z;) |- (go. abbaa, aZy)
|- (g, bbaa, aaZ,)
(90, baa, baaZ,)
PDA now pops an  aa, aaZ;)
element instead of a, aZ,)
pushing
F @& Zy)
F (48 %)
( Final Configuration )
Since g, is the final state and input string is ¢ inthe final configuration, the string aabbaa
is accepted by the PDA.

Example 8 : Construct a PDA which accepts the set of strings over {a, b} with equal
number of a's and b's such that all a's and b's are consecutive.

Solution :

We construct PDA M, which accepts given language by

(a) Empty store, and

(b) Final state
(a) By empty Store :

Let M = ({qy}.{a,b},{a,b,Z,},8.qy,Z#) . Weknow that the given language containsall
the words over {a, b} that have equal number of consecutive a's and b's. So, the given language
L={a"b":n20}u {b"a": n20} .

We use stack either to hold @'s to match with b's or b's to match with a's.
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Transition function § is defined as follows :

8(q9,a,Z9) = 1{(q9,aZy)}, (To store first a on the stack)
6(qy,a.a)={(g,,aa)}, (To store remaining a's on the stack)
8(q4,5,2y) = {(40,0Z)}, (To store first b on the stack)
8(qo,D,b) = {(q,,bb)}, (To store remaining b's on the stack)
8(q9,0,a)={(g4-€)}, (To match input b with a on the stack in case of
L=1{@"b":n>0}
8(gq.a,b)={(qy.€)}, (To match input a with b on the stack in case of
L={"a":nz0})

8(q0,5,24)={(40€)} (To make the stack empty)

(b) By final State : Let M =({q0.q,},{a,b},{a,0,Z,},6.90:Z0:{4,})
8(49,a.Z5) ={(99,0Z,)}, (To store first a on the stack)
8(qq.a,a) = {(gy,aa)}, (To store remaining a's on the stack)
8(q,5,Zy) = {(q0,5Z,)}, (To store first b on the stack)
8(qy,b,b) ={(q,.bb)}, (To store remaining b's on the stack)
8(qy,b,a) = {(g0.€)}, (To match input b with @ on the stack)
8(qy,a,b) = {(40,5)}s (To match input a with b on the stack)
0(q0.5:Z9) ={(q .2 )} (To reach the final state)

Example 9 : Construct a PDA, which accepts L = {a"c"b":m,n=1}.

Solution :  Suppose PDA M = ({g,}.{a,b},{a,b,Z},8.40.Z,.$) accepts L.

We have restriction imposed on the number of a's and b's that it should be equal but not on
the number of ¢'s. So, PDA stores all a's on the stack and when ¢'s encounter, then keep the
stack unchanged and when b's encounters then matches with ¢'s stored on the stack.

5 isdefined as follows

(qosa,Zy) ={(q,0Z,)} » (To store first a on the stack)

8(gg,a,a) ={(qy,aa)} (To store remaining a's on the stack)

8(qp,¢,a) = {(gg,a)}, (To read all ¢'s on the input tape and keep stack
contents unchanged),

8(qp,b.a) = {(g4:€)} » (To match input b with a on the stack)

d(g9€:Zy) = {(90:€)} (To empty the stack)
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Example 10 : Construct a PDA M, which accepts L = {a"b"c"d":m ,n= 1}
Solution :

We construct M by using the grammar of given language L. But, if we see the format of language
L. then it is clear that each word of language L contains number of @’s in the starting which is
equal to the number of d's at the end. In the middle the number of b's is followed by an equal
number of ¢’s. So, all the starting a's and following &'s are loaded on to the stack. Now, stack will
contain b's at the top and @'s at the bottom (LIFO) and on the input tape m 4~ remains, Afier this
PDA M matches the number of ¢'s with b's and d's with a's. This is shown in the below figure.

LetPDA M = ({g,.q,}.{a.b}.4a,b.Z,},6,4,.Z,.44 1) and § isdefined as follows

8(q0,a,Zy) = {(99,aZ,)} (To store first a on the stack),
8(gq,a,a) = {(gy.aa)} (To store remaining a's on the stack),
8(qy,b,a) = {(q0.ba)} (To store first b on the stack and keeping stack
contents unchanged ),
8(qq,b.b) = {(g0,bb)} (To store remaining b's on the stack),
8(qq,¢,0) = {(94:€)} (To match ¢'s on the tape with b's on the stack),
6(qq.d,a)=1{(q0.5)} (To match d's on the tape with a's on the stack), and
3(q0,€,20)=1(q 7,20} (To reach the final state)
Input tape Stack

|$aa... abb... bec...cdd...d# # ...
4

§E

,Taa...abb...bcc...cdd...d##... _.‘?_
'Y

n——a—

a

Saa...abb... bec... cdd... dE # ...

1 G
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Example 11: Let M = ({ p,q}.{0,1},{Z¢.X}, 8,p.Z,.4) beaPDAwhere § isgiven by
following transitions.

d(p).Zy) ={(p.XZ )},
6(pe,Zy)={pe.
d(pLLX)={(p.XX )},
J(g.1,X)={(q.)} .
o(p,0,X)=1{(g,X)},and

5(q’0’20) = {( P»Zo)}
(a) What is the language accepted by this PDA by empty store ?
(b) Describe informally the working of the PDA.

Solution :

Let R:6(p).Zo)={( P, XZ o)} »

R,6(pe.Zy)={(pPE),

Ry:6(p ), X) ={(p.XX )},

R,;5(g,1,X)={(q.€)} >

Ry:$(p.0.X )={(q.X )} ,and

Rg:6(q,0,Z4)={( psZ0)}

From the given transitions, we analyze the following things.

Using R, terminal 1 is stored as X on the stack in the state p .

Using R, , with no input PDA makes the stack empty in the state p .

Using R, ,remaining 1's are stored as X's on the stack in the state p .

Using R, , input 1's are matched with X's stored on the stack in state q.

Using R, PDA reads 0 and moves to the state g while maintaining X on the stack.

Using R,, PDA reads 0 on the tape and moves to the state p while maintaining
Z, on the stack.

So, PDA reads 1's on the tape and loads these on to stack as X's (R, and R,). WhenOis
read in state pthen moves to the state g(R) . Inthe state ¢ , 1's on the tape are matched with
X'sonthe stack (R,) and when 0 is read on the tape then PDA changesits stateto p(R;) .In
the state p ifno input is remaining on the tape and Z, is on the stack then PDA makes the stack

empty (R;) .
So, the accepted language L = {1"01"0:n > 0} .

O gl U N e
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Example 12 : Let Q = ({4, ¢,},{a,b}.{a.b,Z}, 5.9,.Z.4) bea PDA accepting by empty
stack for the language which is the set of all nonempty even palindromes over the
set {a, b} . Below is an incomplete specification of the transition §. Complete the

specification. The top of the stack is assumed to be at the right end of the string
representing stack contents.

« 0(q9.a,2) ={(qq,2a)}

- 0(qo,0,Z2) = {(40:2b )}

e 0(G0s3@) Sineeaninis

« 0(qg,0,b0) =......... :

- 6(gy,a,a)={(g,,€)}
5(q,,b,b)={(q,.€)} and
- 0(q,5,2)=1{(q,€)}

N OO o s N =

Solution :
Let the set of even palindromes over {a, b} is L, then
= {g, aa, bb, abba, baba, aaaa, bbbb, . ..}

If we find the mid of a palindrome then left is the mirror image of right and right is the mirror image
of the left. So, deciding the mid point is the problem here. We design a DPDA for given set.

In the given example either terminal symbol is stored on the stack to be matched later on
after the mid point or if the corresponding match is there then PDA popped the stack symbol.

In the given transitions using (1) and (2) PDA loads a or b symbol on the stack, using (5)
and (6) PDA matches the input with stack symbol and using (7) PDA makes the stack empty.
So, if more a or b symbols are there then PDA will use (3) and (4) and in these either symbol will

be loaded on the stack and remain in the state ¢, or matched with the same symbol and moved
to state g, .

So, (3) and (4) solve the non-determinism problem to select the mid point into the palindromes.
So, transitions are given below.

6(q9,a,2) ={(q9.2a)},
6(q0,5,Z) ={(q,2b)}
6(qg,a,a) ={(g9,aa),(4,,€)}
6(q9:b,b) ={(q,,b0),(q,,€)}
6(q,,a,a)={(q,.€)}
6(q;.b,6) ={(qg,.€)} and
6(g1.5.2) = {(9:.5)}

=X Oy Lth i B g
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6.3 DETERMINISTIC AND NONDETERMINISTIC PUSHDOWN AUTOMATA

In this section, we will discuss about the deterministic and nondeterministic behavior of pushdown
automata.

6.3.1 Nondeterministic PDA (NPDA)

Like NFA, nondeterministic PDA (NPDA) has finite number of choices for its inputs. As we
have discussed in the mathematical description that transition function § whichmaps from
0 % (X v {e}) x T to(finite subset of) Q x I *. Anondeterministic PDA accepts an input if
a sequence of choices leads to some final state or causes PDA to empty its stack. Since, sometimes
it has more than one choice to move further on a particular input ; it means, PDA guesses the
right choice always, otherwise it will fail and will be in hang state.

Example : consider a nondeterministic PDA M = ({g,}.{a,b}.{a,b,Z},6.9,,Z #), for the
language 1 = {a"b" : n = 1} ,where § is defined as follows:
& (ay-€,Z) ={(qo,ab),(q,,aZb)} (Two possiblemoves forinput « onthetapeand Zon the stack),

8 (5,a,a) ={(g9,€)} s and & (g,,b,b) ={(gy,€)}
Check whether string w = aabb is accepted ornot ?

Solution : Initial configuration is (g,,aabb, Z) . Following moves are possible :

= (q,,aabb,ab) —» (q5,abb,b) —» é
(qo,aabb,z)—‘-

L_—+(q,,aabb,aZb) ~—» (q,,abb,Zb)

1

(go,abb,abb) (gq.abb,aZbb)
(gq,bb,bb) (go,bb, Zbb)
(q0)b| b)

(QQ , bb, abbb ) (QO,bb, abeb)
(quE)e)

(3 ¢
Hence, w = aabb is accepted by empty stack.
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One thing is noticeable here that only one move sequence leads to empty store and other don't.
In other words, we say that some move sequence(s) leads to accepting configuration and other
lead to hang state.

6.3.2 Deterministic PDA (DPDA)

Deterministic PDA (DPDA) is just like DFA, which has at most one choice to move for certain
input. APDA M =(Q,%,T1,6,9,,Z,, F) isdeterministic ifit satisfies both the conditions given
as follows :

1. Foranyg e Q,a e(Zu {e})',and Z I, 8 (g, a, Z) has at most one choice of move.
2. Forany ge Q,and 7z e, if 8(g,¢, Z) is defined i.e. 8(q,¢, Z) # ¢, then

8(q,a,Z) = ¢ forall g ¢ &
Example : Consider a DPDA M =({q,,9,}.{a.c},{a.Z;y},8.,9,,Z,.¢) accepting the
language {a"ca" :n > 1}, where § is defined as follows :

6(q0,a,2y) ={(qy,aZ,)}
6(gq,a,a)={(qy,aa)},
6(qq.c,a)={(q,.a)},
3(gy,a,a) ={(g,.€)}, and 8(q,,€,Z,) = {(4,,€)}
Check whether the string w = aacaa isaccepted by empty stack or not ?

Solution :
We see that in each transition DPDA has at most one move. Initial configuration is

(q4.aacaa, Z,) . Following are the possible moves.

(qq,aacaa ,Zy) = (qy,acaa,aZy) = (qy,caa,aaZ ;) - (q,,aa,aaZ,)

\

(QHE’G) <« (qheazo) « (‘Iha,azo)
Hence, the string w = aacaa is accepted by empty stack.

As we have discussed in earlier chapters that DFA and NFA are equivalent with respect to
the language acceptance, but the same is not true for the PDA.

For example, language 7 ={ww *:w € (a U b)*} isaccepted by nondeterministic PDA,
cannot by any deterministic PDA. A nondeterministic PDA can not be converted into equivalent
deterministic PDA, but all DCFLs which are accepted by DPDA, are also accepted by NPDA.

So, we say that deterministic PDA is a proper subset of nondeterministic PDA. Hence, the
power of nondeterministic PDA is more as compared to deterministic PDA.
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Procedure to find whether PDA is deterministic or not

Let M =(0.2,I',8,9,.Z,,F ) beaPDA. The PDA is deterministic if
1. (g, a, Z) hasonly one element.
2. If 5(g, & Z) isnotempty, then (g, a, Z) should be empty.

Both the conditions should be satisfied for the PDA to be deterministic. If one of the conditions
fails, the PDA is non - deterministic.

Example 1 : Is the PDA to accept the language L(M) = {w Cw" | w e(a+b)* }is
deterministic or not ?
Solution :

The transitions defined for this machine are
(g0, a, Zy) = (4o, 4Zy)
5(‘10: b' ZO) = (q()s sz)

d(qo, a, @) = (qo, aa)
6(qq, b, @) = (g0, ba)
5(‘10, a, b) e (qu ab)

(g0, b, B) = (g0, bb)
0(90,C.Z¢) =(q15Z¢)
6(99,C.a)=(q,,a)
0(40.C,b)=(4:,0)
oqy. a,a) = (g5, ©
&gy, b,0) = (g1, ©
3, §Z) = (92 Z)

The PDA should satisfy the two conditions shown in the procedure to be deterministic.

1. &(g. a, Z) hasonlyoneelement : Note that in the transitions, foreach ¢ € 0, a € £ and Ze T,
there is only one component defined and the first condition is satisfied.

2. 'The second condition states that if 5(q, €, Z) is notempty, then &(g, a, Z) should be empty
i.e.,ifthereisan e transition, (inthiscaseitis & (¢,, & Z;)), thenthere should not be
any transition from the state g, when top of the stack is Z, which s true.

Since, the PDA satisfies both the conditions, the PDA is deterministic.
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Example 2 : Is the PDA corresponding to the language L={a"b"|n21} byafinalstateis
deterministic or not ?

Solution :

The transitions defined for this machine are
8(q0, a, Zy) = (g0, aZp)
(g0, a a) = (qp, aa)
(g0, b, @) = (g1, &
(g, b, @) = (q. 9
(g, & Zy) = (g2 €)

The first condition to be deterministic is &(g, a, Z) should have only one component. In this
case, foreach g € 0, a e Tand 7 eT , there exists only one definition. So, the first condition is
satisfied.

To satisfy the second condition, consider the transition
3(q,, & Z,) = (4, ©)
Since the transition is defined, the transition 8(g,, a, Z,) where a € £ should notbe defined
which is true. Since both the conditions are satisfied, the given PDA is deterministic.

Example 3 : Isthe PDAtoacceptthe language L(M) = {wiw e(a+b)* and n,(w) = ny(w) is
deterministic or not ?
Solution : The transitions defined for this machine are

8gg.a, Zp) = (4os az,)

8(qe;b: Zy) = (q0.bZp)

5(qq,a, a) = (4o, aa)

&(gq,b, b) (g0, bb)

5(qq,a, b) (90, ©)

5(gysb, @) = (90,9

8(q:s Zy) = (9 %)
The first condition to be deterministic is 8(g, a, Z) should have only one component. In this
case, foreach ¢ €0, a € ¥ and 7 1, there exists only one component. So, the first condition is

satisfied.
To satisfy the second condition, consider the transition

8go & Zy) = (a55 Zp)

)
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Since this transition is defined, the transition &(g,, @, Z,) where a e £ should not be defined.
But, there are two transitions

J(QO! a, ZO) - (qu aZO)
8(ggs b, Zy) = (qq, bZ,)

defined from g, when top of the stack is Z,. Since the second condition is not satisfied, the given
PDA is non - deterministic PDA.

Example 4 : Give a deterministic PDA for the language L = {a"ch®" :n =1} over
the alphabet £ = {a, b, ¢} . Specify the acceptance state.
Solution :
LetDPDA M = ({qaa q(n qf }) {a’ b’ C}, {as zo}a 6’ qa’ ZO’ {qf}) mﬂng‘mm["

We analyze that in the given L, in each word, double of number of a's at the starting is equal to the
number of #'s at the end and no restriction apposed on the ¢ in relation with the number of a's or

b's. So, one a is read on the tape and stored as aa on the stack and when b's encounted then
matched with a's on the stack.

Instate g, all a's are read and stored on the stack and when ¢ is read then DPDA moves in
the state g, and inthe state g, , b's areread on the tape and matched with a's on the stack. When
no symbol is on the tape then DPDA moves to the final state ¢ ;.

The transition function § is defined as follows:

8 (44 @ Zy) = {(q.,aaZy)} (To store the first a as aa on the stack),

8 (q,,a,a)=1{(q,,aaa)} (To store the remaining a's as double on the stack),
8 (g,.¢,a) = {(g;.a)} (To read ¢ and move to state g, ),

3 (gy, b, a) = {(g;, ©)} (To match the b's and d's stored on the stack), and
3 (s & 2y) = {97522} (To reach the final state)

The acceptance state is ¢, and DPDA M is shown in below figure.

a, Zy, aaz, b,a, €

c,a,a

@

a, a,aaqa

FIGURE : PDA accepting {a"ch* :n =1}
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6.4 ACCEPTANCE OF LANGUAGE BY PDA
The language can be accepted by a Push Down Automata using two approaches.

1. Acceptance by Final State : The PDA accepts its input by consuming it and then it enters
in the final state.

2. Acceptance by empty stack : On reading the input string from initial configuration for
some PDA, the stack of PDA gets empty.

6.4.1 Equivalence of Empty Store and Final state acceptance

Theorem:
If M, =(0,,2,T,5,,p,,Z,,$) is a PDA accepting CFL L by empty store then there
exists PDA M, =(0,,%.1,,8,, p5,Z,,{q,}) whichaccepts L by final state.

Proof :
First we construct PDA M, based onPDA M, and then we prove that both accept L.

Step 1: Construction of PDA 1, based on given PDA i,

¥, is same for both PDAs. We add a new initial state and a new final state with given PDA a1, .

So, @, =@, V{p;Vq,}

The stack alphabet I, of PDA 1, contains one additional symbol Z, with T, .

B0, Fo = TiL 2
The transition function &, containsall the transitions of given PDA. a+, and two additional transitions
(R and Ry) asdefined as follows:

Ry:dy(p.e.Zy)={(pZ12,)}. ;

R,:6,(q.a,Z2)=6,(9,a,Z) forall (g,a,Z)in Q, x (£ u {e}) x T,

(the original transitions of 1, ), and
Ry:6,(9.8,Z,)={(q,,€)} forall g € O,

Bythe R;, », moves fromitsinitial ID (p,,e, Z,) tothe initial ID of », By R,. M, usesall the
transitions of 41, after reaching the initial ID of u, and by using Ry a, reaches the final state qr.



DEPARTMENT OF CSE

6.34 FORMAL LANGUAGES AND AUTOMATA THEORY

The block diagram is shown in below figure.

€,2,,2,2, €,Z,,a
—ezan ] e Gy

FIGURE : Block diagram of PDA u,

Step 2 : The language accepted by PDA M, and PDA M,

The behaviors of M, and M, are same exceptthe two by ¢ -movesdefinedby R, and R;.
Letstring w ¢ L and accepted by M, ,then

(Ppwazi)h},— (9.€,€) where g € 0, (Result 1)
For M,,theinitial IDis (p,,w,Z,) and it can be written as (pewe2y). So,

(Pz,ewe,Zz)lx,: (P1»W:Z,Z,) (This initial D of M,)
|- (@,.25) (by R, andResult 1)

I—A;—,(q,.e.a) ael;, (By R;)

Thus, if M, accepts w, then M,also acceptsit.
Itmeans L(M,)c L(M,) (Result 2)
Letstring w ¢ L and accepted by PDA M, then

(preweZ;) (W 2,Z,) By Ry) (Result 3)

.l‘_;z_ (Q,G, 22) ' (By R2) (Result 4)

i 47:€Q) aer; (ByR;)

Note : The Result 3 is the initial ID of M, . The Result 4 shows the empty store for M, if
symbol Z, is not there.
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For M,,theinitial IDis (p,, w,Z,)
So, (PysW.Z,) |3 (¢,€,€) ,where ¢ € O, (ByResult3 and Result4) Thus, if M, accepts
w, then M, also acceptsit.

It means, L(M,) < L(M,) (Result 5)

Therefore, L= L(M,)= L(M,)  (From Result2 and Result 5)
Hence, the statement of theorem is proved.

Example: Consider a nondeterministic PDA M, =({q,}. {a.b}, {a,b,5}, &,q,.5,4) Which
accepts the language 7. = {4"4" : n > 1} by empty store, where § is defined as follows :
6(q9,€,5) = {(go.ab), (g,,aSb)} (Two possible moves),
8(g0,a,a) ={(g9,€)}, and  §(g,,b,0) = {(gy,€)}

Construct an equivalent PDA M, which accepts L in final state and check whether string
w = aabb is accepted or not ?

Solution : Following moves are carried out by PDA M, inorder to accept w = qabb :

(90, 2abb,S) |— (qy,aabb,aSh)
— (g, abb, Sb)
—(q,,abb,abb)
—(q,.bb,bb)

—(g,b.b)

== (qO,E,G)

Hence, (4q,aabb,sS) '—w—, (90:€:€)
Therefore, w = aabb isacceptedby M,.
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Construction of PDA M, based on given PDA M,
LetPDA M, =(0,,2,T,,0,, P2,Z3,{4,}) ,where
Q,=19.9,.pP,}; X = {a, b}
I, = {a,b,S,Z,} ,and transition function &, is defined as follows:

6,(p2s€,2Z2) = {(4,52,)} (Using Ry )
5,(q,€,5)={(q,ab),(q,aSh)} (Using Ry)
9,(g,a,a) ={(q,€)} (Using R,)
6,(q,b,b) ={(q,€)} (Using R;)
5,(9.€.2,)={(q, )} (Using R;3)

Following moves are carried out by PDA M, in order to accept w = aabb *

(p,,aabb,Z,)|—(q,aabb,SZ,)
— (q,aabb,aSbZ,)
— (q,abb,SbZ,)
— (g, abb,abbZ,)
— (g,bb,bbZ,)
—(g,b,bZ,)

—(q,E, Zz)

_(qjse, Z2)

Hence, (P2, aabb) 22) T‘; (‘I/,G,Zz)




DEPARTMENT OF CSE
PUSHDOWN AUTOMATA 6.37

The PDA M, is shown in below figure .

€, §,aSh b,b,e

’ Z ’ SZ @ E, z l-a
__@ €, 4, 2 q 2 (‘]f)
g S, abu i 'L"-a, a, €

FIGURE : PDA M, accepting {a"p" : n = 1}

6.4.2 Equivalence of Final state and Empty Store acceptance

Theorem :

If M, =(Q,,%.T,8,,40, Z,, F) isaPDA accepting CFL L by final state then there exists
PDA M, =(0,,%,T,8,,9,, Z,, ¢) Whichaccepts L by empty store.

Proof :
First we construct PDA M, based on PDA M, and then we prove that both accept L.

Step 1 : Construction of PDA M, based on given PDA M,
%, T, initial state g, ,and initial symbol on the stack Z; are same for both PDAs. We add a
new state with given PDA A, . All final states of PDA M, are converted into non-final states.
So, 0, =0,V {E} (where E is new added state)
The transition function &, contains all the transitions of given PDA M, and additional transitions
(Ry and Ry) defined as follows :
R,:8,(q,a,2)=8,(q,a,Z) forall (g,a,Z) in O, x (£ v {€}) xT,
(the original transitions of M,),
R, :6,(p,e,@)={(E,a)} forall p e Fand o eT *,and
R,:6,(E,c,a)={(E,e)} forallg er*and E € 0,
By Ry,PDA M, usesall the transitions of M, and reaches the final state if acceptability is there.
By R,, M, reaches state E and after reaching state E, by Rj, erases all the stack symbols.

Ry provides a loop incase of stack is not empty . The block diagram is shown in
below figure.
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€ U,

€ 0,c
——= PDAM,

FIGURE : Block diagram of PDA M,
Step 2 : The language accepted by PDA A, and PDA M,
The behaviors of PDA M, and PDA M, are the same except the two e -moves defined in
R, and R;.
Letstring v ¢ L and accepted by PDA M, ,then
(qo,w,Zo)IM% (g7, €@),whereqr € Fanda e I * (Result 1)
For PDA M, , theinitial ID is (gq, w, Zp)-

So, (qo,w,Zo)|;}—|(qf,e,a),wherc g;€0,andael *  (By R andResult1)

i (B.e.a) By Ry)
lT;T(E’E,e) (By R3)
Thus,if M, accepts w, then M, also accepts it.
Itmeans, L(M,)c L(M,) (Result 2)

Let string w ¢ L and accepted by M, ,then
ForPDA M,, the initial ID is (gg. w, Zp) . So

(qosw.2Zy) |,,+l (gs.€,a) forsome g, € Q; and g e I'*  (Result3)
|},—;"(E’e’a) (By R2)

A—;T(E,E,G) (By R3)
For M,,the initial IDis (gg, w, Zp)-

SO,(quw:Z(])lu;’ (q/. e,a) ,Where qf € Q2 and ael* (By Result3)
Thus, if M, accepts w,then M, also acceptsit.
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Itmeans L(M,)c L(M,) (Result 4)

Therefore, L = L(M,)=L(M,) (From Result2 and Result4)
Hence, the statement of theorem is proved.
Example :

Consider aPDA M, =({gy,4, q,}.{a,c},4a,Z,},6,.45. Zy,{g, 1), convert it into PDA M, whose

acceptance is by empty store. Check the acceptability of string w = aacaa .
The transition function 5, is defined as follows :

0,(90,a,Z9) ={(g0,aZ,)} ,
8y (gp.a,a) ={(g,.aa)},

8, (gosc,a) ={(g;,a)}
8,(9),a,a) ={(g,,€)}and

6,(91,6,2Z,) ={(92,Z,)}
Solution :

Following moves are carried out by M, inorderto check acceptability of string w = aacaa

(gy,aacaa Z;) |—(q,,acaa,aZy)
— (q,,caa,aaZ,)
—(g,.aa,aaZ,)
—(qy,a,aZ,)

. (‘h»eazo)

—(4,,€,2,)

Hence, (QO,aacaazo)lT:{', (92:€.2)

Therefore, PDA M, accepts the string aacaa .

The transition function &, for M, isdefined as follows:
0, (490,a,Z,) = {(99,aZ,)} (Using Ry),
0,(49.a,a) ={(qy,aa)} (Using Ry ),
8, (g0,¢,a) = {(gy,a)} (Using Ry),
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8,(q1,a,a) =1{(4,,€)} (Using Ry )
0,(91:€.Z) = (42,40 )} (Using Ry)
3,(g5,€,a)={(£.a)} (Using Ry)
8,(g;:€,¢) ={(E,c)} (Using Ry)
8,(92:6.2,) ={(E, Z,)} (Using R;)
8,(E,e,a)={(E,e)} (Using R3)
0, (E,e,c)={(E,€)} (Using R ),and
0, (E,e,Zy) ={(E,€)} (Using R;)

Following moves are carried out by M, in order to check the acceptability of the string w = aacaa

(9p,0acaa Zy)|— (gq,acaa,aZ,)
— (qy,caa,aaZ,)
— (q,,aa,aaZ,)
—(q1,a,aZ,)
— (qy,€,aZ,)
—(92:€,2))

== (E) €, ZO)

" (E’ €, G)

Hence, (4o, aacaa, Z,) 7= (E,€,€)
6.5 PUSHDOWN AUTOMATA AND CFL

6.51 PDA FROM CFG

It is quite easy to get a PDA from the context free grammar. This is possible only froma CFG
which is in GNEF. So, given any grammar, first obtain the grammar in GNF and then obtain PDA.
The steps to be followed to convert a grammar to its equivalent PDA are shown below.
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1.
2.

Convert the grammar into GNF
Let g, be the start state and Z, is the initial symbol on the stack, Without consuming any
input, push the start symbol S onto the stack and change the state to g, . The transition for
this can be

(9o, & Zy) =(q. 5Z,)

3. Foreach production of the form
A= ax
introduce the transition gy, a, A)=(q,, a)
4. Finally,instate ¢, , without consuming any input, change the stateto ¢, which isan accepting
state. The transition for this can be of the form
gy, & Zy) = (q/, Zy)
Example 1: For the grammar
S —» aABC
A - aB|a
B — bApb
C - a Obtain the corresponding PDA
Solution :

Let ¢, be the start state and Z, the initial symbol on the stack.

Step 1 : Push the start symbol S onto the stack and change the state to g, . The transition for
this can be of the form

(49, & Zy) = (q,, SZy)

Step 2 : For each production 4 -» g introduce the transition

(g, a,4) =(q,@)

This can be done as shown below.

Production Transition
S - aABC o(g;s a,S) = (q,, ABC)
A - aB d(qy, a, A) =(g,, B)
A - a (g1, a, 4) = (g, ©
B - bA d(gy; b, B) = (g1, A)
B - b 5(q1, b, B) =(qy, €)
C - 8(g, a,C) =(q), ©
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Step 3 : Finally in state ¢, , without consuming any input change the state to ¢, whichisan
accepting state
i.e., 8q1 s Z) =y Z)
So, the PDA Misgivenby M =(Q.,Z,I',0.4¢.Z¢,F)
where Q=1{490:q1:4r}; T={a,b}; T={S54580C72}
5 +is shown below.
8(q0s & Zy) = (a1, SZy)
8(qy» @, S) =(g), ABC)
&(qy, a, 4) = (q;, B)
8(qys a, 4) =(q1, ©)
&(qy, b, B) = (g, 4)
8(qy, b, B) =(q1, ©
8(gy, a.C) = (41, ©
8(qys & Z) = (4> Z)
g, € Q is the start state of machine; Z, €T is the initial symbol on the stack.
F ={q ,} isthefinal state

Note that the terminals grammar G will be inputsymbolsinPDAandthenon-tenninalswillbe
the stack symbols in PDA.
The derivation from the grammar is shown below

S aABC
aaBBC
aabBC
aabbC
aabba

y Uil

The string aabba is derived from the start symbol S. The same string should be accepted by PDA
also. The moves made by the PDA are shown below.

Initial ID

(gq» aabba,Z;) |~ (g, aabba, SZ,) ByRulel
- (g, abba, ABCZ) By Rule2
I (q, bba, BBCZ,) ByRule3
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I~ (q, ba, BCZ,) By Rule 6

F o (g, a.CZ) By Rule 6

= (9 &2) ByRule 7

F @y &%) By Rule 8

(Final Configuration )

Since g is the final state and input string is e in the final confi guration, the string aabba
is accepted by the PDA.

Example 2 : Construct PDA M equivalent to the CFG § — 0BB, B — 15|05 |0 and check
whether (10000 is in N (M) or not ?

Solution : LetPDA M = ({90}.1a,6},{5,B,0,1},6.9,,5,¢) , 5 be defined as follows :

5(q05,5) = {(4,,08B)} (For the production § —» 0BB).
3(q0.€,8)={(q,.15)} (For the production B — 15),
0(g0=.B8) ={(4,,08)} (For the production B — 0§),
0(gy.€.8)=1{(g,,0)} (For the production 3 — ),
6(96:0,0) = {(g5.,€)} (For terminal 0),

6(qo.L1) = {(g4:8)} (For terminal 1)

For string w=010000,M has following moves :
(44,010000 ,S)—g,.010000 ,0BB )

—(q,,10000 ,BB)
—(¢,,10000 ,1SB)
~(q4,0000 ,SB)

—(4,.0000 ,0BBB )

—(‘Io !000 sABB )
|— (40,000 088 )

[(q0,00 .BB)
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—(q,,00,08)
—(4,,0,B)

—(4,,0,0)

—g,.€.€)
Hence, 010000 e N(M).

6.5.2 Construction of CFG from Given PDA

As per our discussion, the CFG and PDA has a strong relationship. As we have seen in the
previous section that we can construct a PDA from given CFG.. Similarly we can obtaina CFG
from given PDA.

Theorem : If M =(Q,X,I’,6,49,,Z,,¢) isaPDAwhich accepts the language L, then there is
aCFG G =(¥V ,T,P,S) suchthat I(G) ¢ N(M) = L.
Proof: vV ={S}u {lp.Z.9):p,qeQ and Ze T}, T issame forboth P includes the
following productions :
P,:S —[qq,Zy.q] isin Pforevery g € Q
P, :[p.Z,q) - aisinPforevery p,ge Q,aeT U {€},and Z e T suchthat
8(p.a,Z) = {(g,9)},and
B 1 [P, Z, gme1] = alay, B, 921 [92. B2, 03] - [4m> Bms gm1] isin P forevery
p.q,€Q,ae(Tule}) . and Z, B; e I',where | < i < m suchthat

d(p,a,Z) = {(q1, BBy..By)}.
Ifm=0,then[p, Z,q] > a
Example 1: Consider the PDA M = ({g,,4,},{a,b},{a,Z,}, 8,44, Z,,$) accepting the

language . = {a"b™a" : m, n > 1}, which has the following transition function.
5(g9,a,Zy)=1{(q9,aZ,)},
5 (q9,a,a) = {(g.aa)},
8 (qy,b,a) = {(g,,2)},
d(gy.b,a) = {(g,a)},
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5(q1,a,a) ={(q,,€)}, and

5(91,€:2) ={(q1,€)}

Constructa CFG G which generates the same language,
Solution : Let CFG G =(V, T,P,S), where

V={[qO’Zosqo]’[qmzo’ql]»[thO’QO]'IQDZO!qI]’[QOva’QO]’[qo»a,Ql]’[Qlaa:‘h]’[qpa’ql]:s}
( NOTE : The number of states are two and stack symbols are two, then number of combination

of these in triple formis 2 x 2 x 2 = 23 _ g).
Z = {a, b}, Sis the start symbol , and P consists of following production rules :

Using construction rule A :
S [QO’ZOsQO] and § _>[40tzosql]

For transition 6(q,,4,Z,)={(gy,aZ,)} :

[90:20,90) = a[95,a.94190, 2,95 ]
(90:Z,.90) = algo,2,4,1[91. 2., ]
(90:Z0, 011> algy.a,90 1[4, Z0,4,]
(90:Z0, 011> alg0.a,9,1(91, 20, 4,]

For transition §(g,.a.a)={(g,,aa)} :

(909,901 > algy,a,901(90,3,90]
[90:a.94]1 — algq.a,9,][4;,a,9,]
[90,a,91]>alg0,a,901[40,a,4,]
[90,9,9,1 > a[gy.a,9,][9,,9,9,]

For transition 6 (g,,b,a)={(g,,a)} :
[905@:901>2[g1,,4,)
[90-a,9,1->blg,,a,9,]

For transition & (q,,b,a)={(g,,a)} :

91.a.9,] > blgy,a,9,]
[9:,a.9,]1 > blg,,a,q,]
For transition 6 (q,,a,a)={(g,,€)} :

[91,a,q:] > a

For transition 6(q,,¢,Z,) = {(¢;,€)} :

[91,Z4.91] €

(Using construction rule 7;)
(Using construction rule 7;)
(Using construction rule 7;)

(Using construction rule 7;)
(Using construction rule 7;)
(Using construction rule 7)
(Using construction rule )

(Using construction rule )

(Using construction rule P;)
(Using construction rule 7)

(Using construction rule P;)
(Using construction rule P;)

(Using construction rule P; )

(Using construction rule P )
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Example 2 : Construct CFG G for the PDA given as follows :
8(49,a,Z,) = {(90,9Z,)}
5(qq.a,a) = {(o,aa)}
5(gq,¢,a) = {(qq,2)}
6(g9,0,a) = {(40:€)}

8(q90:6,Zy) = {(90.€)}
Solution :

Let G = (V, T,P,S), V = {[40: Zo,4 M40, a: 91} » £ = {a, b, c}, P consistsoffollowing
production rules :

S = [90,Z4590 ]
FortranSition 5(()0,0,20) - {(quaZO)}:
(905 Z0 901> [90:3:90] (90> Z0590]
For the transition §(g,,a,a) = {(gq,aa)}:
(90,a:90]1— a[4y,3:90) [90:9:90]
For the transition 5(g,,c,a) = {(g.a)}:
[90,@,90] > ¢[90:a,95]
For the transition 6(g,.b,a) = {(¢,,€)}:
(90,a,901 >0
For the transition §(g,,s,Z,) = {(g4-€)}:

[90+Z4590] €

Example 3 : Let M = ({q,,4,},{a.b},{¢.Z}.8,44.Z,.#) isaPDAand § isdefined as follows:
8(q0,a:Z4) ={(q0¢Z0)} »
5(qq»asc) = {(go>c€)} »
8(q,b,¢) =1(9,€)} >
8(qy,b,¢)=1{(q1s €)} »
0(q,.6¢) ={(g1:€)}»

J(leeszo) = {(ql’e)}
Construct CFG G generating N(M).
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Solution :

1.

2.

3.
4.

Let G=(V,T,P,S),where

V contains elements from the set

{S,[qo,c,qo],[qo,c,q. ]s[quZo,qc]s[‘Io,zo,‘h Hase.qMg1:¢,901, [9):Z0.31)191:24,90] s

Z = {a,b},

S is the starting symbol, and

P includes the following production rules.
For variable §

FS = [40:20,90], and

PSS = [90:Z0.9:]

For variable [q,,Z,q,] using transition 5(g,,a,Z,) = {(g¢.¢Z,)}
Pig0.Z5.901>alg0,¢.9,] [90:Z.90] and
Pig0.Z0:901>alq0,¢,9, 191520590 ]

For variable [g,,Zy,4,] 240, Z4,9,]1-a[q¢,¢.9,] [49-Z,,9,]and
Fsig0:Zosq1 1> algo:¢.1191, 25411

For variable [g,,¢,q,] using transition 5(g,,a,c) = {(g,.cc)}:
P3{40:¢,90}>alg0,¢,41[90,¢,9,], and

Py{g0,¢:90]1 —alg9,¢,9,1[915¢,90]

For variable [g,.¢,9,]

Py:[g9,¢,q1]1 > alg4,¢,901[40.¢,4,] and

Po:lgos0.q1 1> dlgo.¢.9,1[9y,¢,4]

For variable [g,,c.q,] using transition §(g,,b,¢) = {(g,,€)}:
Piige.c,q1> b

For variable [g,,Z,,q,] using transition &(g,.5Z,)={(g,€)}
P3i{41.Z5,9,]>¢

For variable [g,,¢,q,] using transition 5(g,,e,¢) = {(¢,,€)}:
Py {qy,c,q9,]>¢

For variable [g,,c,q,] using transition &g, b¢)={(g,€)} :
Pydgy.e,qi1 > b
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We have no production for the variable [g;,Z,,q,] and [g;,¢,q,]- So, these are discarded
with their associated productions.

So, now we have following productions.
B8 = [40:Z5,90);

PyS = [g9,Zp.4:]

P40, Z.90) > al90,¢,901(90:Z0590 s
Piiq0,Zy,q,]1 >alq0,¢:901[90: Z0sn1 ]
Flgo.Zosq 1= alay,c,q11191: 2554 )
Py{gq,¢,0y1->algs.¢.q0[90.¢, 90 ],
Fyilge,c.q 1> algo.¢,90190,6:0115

By lge:c.q1 1> alge.c.q 191,641,
Pylge.c,q)]1 > b

PailaZg,qi]>€ s

Paiq;e,9,]1 —€,

Psilgy.c.q] > b

In Production P,,and P, variables [¢,,Z,,9,] and [gy.c,q,) have right and left recursion
respectively but have no terminating production i.e. no terminal from these variables. So, all
the productions that include these variables including P, and P, are discarded.

Now, we have following productions included in P:
PyiS = (99, Z0,q115

Pilgos Zos i > algoc.qilldi:Zo, i1 s
Poiqe,ciqi] = algg.c.qllai.e.q1]s
Piilgo.e; ] = bs

Ppig1,24.9,) €

Pyilgye.q1 €,

Pilgn.eql—=> b
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Theorem : Let L, beacontext - free language and [, be a regular language. Then show that
I m L, is context - free.

Proof :

Let M, =(Q, %, T, &, qy. Z, F;) bean NPDA whichaccepts I, and M, =( P, £, T, &,.q,, F)
be a DFA that accepts L, . We construct a pushdown automaton A =(Q,E,F,:§,.:jn,2,ﬁ}
which simulates the parallel action of M, and A, , whenever a symbol is read from the input
string, jy simultaneously executesthe move M, and A, .

Let =0xP, 4y=(90, P)» F=FxF
and define § suchthat, ((g,.p,).x)e 4((g,.p,).a,b), ifand only if,
(gi. ¥) € 8(g,, a,b) and 5, (p,.a)=p,
In this , we also require that if g ¢, then p; = p,. In other words, the states of jyare labeled

with pairs (4;, p;) , representing the respective states in which Af, and A, can be after reading
a certain input string, It is a straightforward induction argument to show that,

(40> 2)W.Z) [# (5P, )%)s
with g, eF and p, e F,
ifand onlyif, @2 3% and 5(p,, w) = p,-

Therefore, a string is accepted by M' if and only if it is accepted by M, and M, thatis, ifitisin
LM~ LM =LA L.



