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FINITE AUTOMATA

After going through this chapter, you should be able to understand :

« Alphabets, Strings and Languages
o Mathematical Induction

« Finite Automata

« Equivalence of NFAand DFA

e NFAwith ¢ - moves

1.1 ALPHABETS, STRINGS & LANGUAGES

Alphabet

Analphabet, denoted by 3. , isa finite and nonempty set of symbols.

Example:

1. If y is an alphabet containing all the 26 characters used in English language, then
s is finite and nonempty set,and Z = {a, b, ;... .y 2}.

2. X ={0,1} isanalphabet.

3. ¥ =1{1,2,3,.} is not an alphabet because it is infinite.
4. 7 ={} isnotanalphabet because itisempty.

String
A string is a finite sequence of symbols from some alphabet.

Example :

"xyz " isastring over an alphabet I = {a, b,c,...,z} . Theempty stringor null string is
denoted by e.
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Length of a string

The length of a string is the number of symbols in that string. If v isa string then its length
isdenoted by | w]|.

Example :

1. w=abcd , then lengthof w is | w|= 4
2. n=o010 isastring then|n|= 3
3. ¢ isthe empty string and has length zero.

The set of strings of length K (K > 1)

Let 3, beanalphabetand X = {a, b}, thenall strings of length K (K = 1) isdenoted by yx.
=X <fw:wisastring of length K, K > 1}

Example:

1. X ={ab},then
2! ={a,b},
2? = {aa,ab, ba,bb},
¥? = {aaa,aab ,aba,abb baa, bab,bba,bbb}
|£'|= 2 = 2" (Number of strings of length one),
| 2% = 4 = 2* (Number of strings of length two), and
| 2% = 8 = 2* (Number of strings of length three)
2. §={0,1,2} ,then §? = {00,01,02,11, 10,12,22,20,21} ,and | §?|= 9 = 3

Concatenation of strings

If w, and w, are two strings then concatenation of w, with w, is a string and it is denoted by
w,w, . In other words, we can say that w, is followed by w, and | wyw,| = | w,| + | w,|.
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Prefix of a string

A string obtained by removing zero or more trailing symbols is called prefix. For example, ifa
string w = abe ,then a,ab ,abc areprefixesof w.

Suffix of a string

A string obtained by removing zero or more leading symbols is called suffix. For example, ifa
string w = abe ,then ¢,be,abe are suffixesof w.
Astring a isaproper prefix or suffix of a string w ifandonlyif a = w .

Substrings of a string

A string obtained by removing a prefix and a suffix from string w is called substring of w . For
example, ifastring w = abe sthen b is a substring of w . Every prefix and suffix of string w is
a substring of w , but not every substring of w is a prefix or suffix of w . Forevery string w, both
w and e are prefixes, suffixes, and substrings of w.

Substring of w =w —(one prefix)—(one suffix).

Language

A Language L over y, is a subset of 3', i. e, itis a collection of strings over the
alphabet .. ¢ ,and {€} arelanguages. The language ¢ is undefined as similar to infinity and
{&} is similar to an empty box i.e. a language without any string.

Example:

1. L, ={01,0011,000111 } is a language over alphabet {0,1}
2. L, ={,0,00,000 ...} is a language over alphabet {0}
3. L, ={0"1"2" :n 21} isalanguage.

Kleene Closure of a Language

Let 7, bealanguage over some alphabet 3 . Then Kleene closure of 7 isdenoted by 7, * and
itis also known as reflexive transitive closure, and defined as follows :
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L* = {Set of all words over L}
= {word of length zero, words of length one, words of length two, ....}

- UE=1uluPu...
K=0
Example:

1. ¥ ={a,b} andalanguage 7 over ¥ .Then
L*=Pulvulu....
L={g
L' = {a,b},
I? = {aa,ab,ba,bb} and so on.
So, L* = {e,a,b,aa,ab,ba,bb..}
2. § ={0}, then §* = {€,0,00,000 ,0000 ,00000 ...}

Positive Closure

If y isanalphabet then positive closure of 3, is denoted by 5+ and defined as follows :

' = %' - {& = {Set of all words over T excluding empty string &}
Example :
if Z = {0} ,then £* = {0,00,000,0000 ,00000 ,..}

1.2 MATHEMATICAL INDUCTION

Based on general observations specific truths can be identified by reasoning. This principle is
called mathematical induction. The proof by mathematical induction involves four steps.

Basis : Thisisthestarting point for an induction. Here, prove that the result is true for somen=0or 1.
Induction Hypothesis : Here, assume that the result is true forn=k .
Induction step : Prove that the result is true for somen=k+ 1.

Proof of induction step : Actual proof.
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Example : Prove the following series by principle of induction 1+2+3+.....+n u-'i";—l)
Solution :
Basis :

Letn=1

a+y _,

L.H.S=1landR.H.S = 3

So the result is true forn=1
Induction hypothesis :

By induction hypothesis we assume this result is true forn=k

_ k(k+1)

e 1+2+3+. . k 2

Inductive step :

We have to prove that the result is true for , = ¢ +1

Le 1+2+43+....... +k+k+l=w

Proof of induction step :

L.H.S =1 243 F crrrrnes +k+k+1
.—.@HHI

=(k+l)(§+l)

_(k+1) (k+2)
h 2

(DD gy

Hence the proof.
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1.3 FINITE AUTOMATA (FA)

A finite automata consists of a finite memory called input tape, a finite - nonempty set of states, an
input alphabet, a read - only head , a transition function which defines the change of configuration,
an initial state, and a finite - non empty set of final states.

A model of finite automata is shown in figure 1.1.

y $ |=— Input Tape

A
T-—- Reading Head

Finite Control

FIGURE 1.1 : Model of Finite Automata

The input tape is divided into cells and each cell contains one symbol from the input alphabet.
The symbol 'y is used at the leftmost cell and the symbol '$' is used at the rightmost cell to

indicate the beginning and end of the input tape. The head reads one symbol on the input tape
and finite control controls the next configuration. The head can read either from left - to - right or
right - to -left one cell at a time. The head can't write and can't move backward. So, FAcan't
remember its previous read symbols. This is the major limitation of FA.

Deterministic Finite Automata (DFA)

A deterministic finite automata M can be described by 5 -tuple (Q, Z, 8, q,, F) , where

1. Qis finite, nonempty set of states,

2. y isaninputalphabet,

3. g istransition function whichmaps Q x£ — Q i.e. the head reads a symbol in its present
state and moves into next state.
g, €Q,knownas initial state

5. FcQ,knownassetof final states.
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Non - deterministic Finite Automata (NFA)

A non - deterministic finite automata M can be described by 5 - tuple (Q, £, 8, q,, F),where

1

2.
3.

8

Q is finite, nonempty set of states,

3, isan input alphabet,

§ is transition function whichmaps Q x £—» 2° i.e., the head reads a symbol in its present
state and moves into the set of next state (s) . 29 is power set of Q,

q, €Q, known asinitial state , and

F < Q, known as set of final states.

The difference between a DFA and a NFA is only in transition function. In DFA, transition
function maps on at most one state and in NFA transition function maps on at least one state for
avalid input symbol.

States of the FA

FA has following states :

1.
2

Initial state : Initial state is an unique state ; from this state the processing starts.

Final states : These are special states in which if execution of input string is ended then
execution is known as successful otherwise unsuccessful.

Non - final states : All states except final states are known as non - final states.

Hang - states : These are the states, which are not included into Q, and after reaching these
states FA sits in idle situation. These have no outgoing edge. These states are generally

denoted by ¢ . For example, consider a FA shown in figure1.2.

FIGURE 1.2 : Finite Automata

g, istheinitial state, q,, g, are final states, and ¢ is the hang state.
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Notations used for representing FA

We represent a FA by describing all the five - terms (Q, £, §, q,, F). By using diagram to

represent FA make things much clearer and readable. We use following notations for representing
theFA:

1. Theinitial state is represented by a state within a circle and an arrow entering into circle as
shown below :
(Initial state g, )

2, Final state is represented by final state within double circles :
I (Final state g, )

3. Thehang state is represented by the symbol '¢' within a circle as follows :

4. Other states are represented by the state name within a circle.
5. Adirected edge with label shows the transition (or move). Suppose p is the present state
and q is the next state on input - symbol 'a', then this is represented by

6. A directed edge with more than one label shows the transitions (or moves). Suppose pis the
present state and q is the next state oninput - symbols 'a,’ or 'a,’ or...or 'a,’ thenthisis

represented by (P)—aunte ()

Transition Functions
We have two types of transition functions depending on the number of arguments.

Transition Function

Direct Indirect
( Represented by §) ( Represented by §")

Direct transition Function ()

When the input is a symbol, transition function is known as direct transition function.
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Example : 5(p,a) = q ( Where p is present state and q is the next state).

Itis also known as one step transition.

Indirect transition function (5')

When the input is a string, then transition function is known as indirect transition function.
Example : &'(p,w)=gq, where p is the present state and q is the next state after | w |

transitions. It is also known as one step or more than one step transition.
Properties of Transition Functions

1. Ifé(p,a)=q,then § (p, ax) = 8(q, x) andif &' (p, X) = q, then &' (p, xa) =8'(q, a)
2. Fortwostringsxandy; é(p,xy) =6(5(p,x),y) ,and 8'(p,xy) =6'(8'(p,x),y)
Example :1. ADFA M = ({¢4,9:,92:9},{0,1},8.9,.{¢,}) isshowninfigurel.3.

FIGURE 1.3 : Deterministic finite automata

Where § is defined as follows :
0 1
= G Qs q;
q 9 G
9, g 9
Q 9, 9

2. ANFA M 1 =({40tq| -qz;Q/}. {0,]},6 ’q09{q1}) iSShOWllinﬁgul’ClA.

0,1

()
O~ D—O—®

FIGURE 1.4 : Non - deterministic finite automata
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Transition function § is defined as follows :

0 1
- { . o} {Q}
q, . {a.}
p) - {a}
Qs - {a}

Note : In first row of transition table, when present state is q, and input is '0', then there are
two next states q, ,and g,.

Acceptability of a string by DFA : LetaDFAM= (Q, Z, §, q,, F) and an input string
w € % *. The string w is accepted by M ifand only if 3(q,, w) = q,, where q, €F .

When w is accepted by M, then the execution of string w ends in a final state and this execution
is known as successful otherwise unsuccessful .
Example : Considerthe DFAshown in figurel.5.

FIGURE 1.5 : Deterministic finite automata
Input strings are :
i) 01,
ii) 011
Check the acceptability of each string.

Solution :
1. Lettheinput string w, = 01, the transition sequence is as follows :

(o)~ a)——()
_
Execution ends in final state ¢, , hence string "01" is accepted.
2. Letinputstring w, =011
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The transition sequence is as follows :

Start 0 1 N 1 .
=) ) ()=

Execution ends in non - final state g, , hence string "011" is not accepted.

Acceptability of a string by NFA

LetaNFA M =(Q, X, 8, g,, F) andaninputstring w e Z*. The string w is accepted by M if
and onlyif &(g,, w)=1{q, ¢, € F,forsomei=0,1,........ ,nj.
When w is accepted by M, then the execution of string w ends in some final state and the
execution is known as successful otherwise unsuccessful .
Example : Consider the NFA shown in figure1.6.
Check the acceptability of following strings : i) 011 i) 010 iii) 011011

0,1

(2

FIGURE 1.6 : Non - deterministic finite automata

Solution :

1. Transition sequence for the string "011" isas follows :

- O®
e
OO

One execution sequence ends in final state ¢, , hence string "011"is accepted.
2. Transition sequence for the string "010" is as follows :

.

So.amO |
. 1 .0

The execution ends in non - final states g,,, ¢,and oneendsin ¢ . hence string "010" is not accepted.
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3. Transition sequence for the string "011011" is as follows :

One execution ends in hang state ¢ , second ends in non - final state g, , and third ends in final
state ¢, hence string "011011" is accepted by third execution.

Difference between DFA and NFA
Strictly speaking the difference between DFA and NFA lies only in the definition of § . Using this
difference some more points can be derived and can be written as shown :

DFA NFA
1. The DFAis 5 - tuple or quintuple The NFA is same as DFA except in the
M =(Q,%,8,q9,,F) where definition of §. Here, § is defined as follows:
Q is set of finite states 5:0x(ZUe) tosubset of ¢
v is set of input alphabets
8:0xZto Q

g, is theinitial state
Fc Q issetoffinal states

2. There can be zero or one transition There can be zero, one or more transitions

from a state on an input symbol from a state on an input symbol

3, No e- transitions exist i.e., there e - transitions can exist i. e., without any input
should not be any transition ora there can be transition from one state to
transition if exist it should be on an another state.
input symbol

4. Difficult to construct Easy to construct
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Example 1 : Consider the FA shown in below figure. Check the acceptability of following strings:
(a) 0101 (b) 0111 (c) 001

FIGURE : Finite automata
Solution : (a) The transition sequence for input string 0111 is following :

0 0 1
OmOmOmOm®
Execution ends in final state A, hence string 0101 is accepted.
(b) The transition sequence for input string 0111 is as follows :

OO 000
Execution ends in non-final state C, hence string 0111 is not accepted.
(c) The transition sequence for input string 001 is as follows :

— (DB

Execution ends in non-final state D, hence string 001 is not accepted
Example 2: LetaDFA M =(Q,%,8,9,,F) isshownin below figure.

FIGURE:DFA
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Check that string 33150 is recognized by above DFA ornot ?

Solution :

For string 33150 the transition sequence is as follows :
()80

Since, transition ends in final state, g, , so string 33150 is recognized.

Example 3 : Consider below transition diagram and verify whether the following strings will be
accepted or not ? Explain.

= O
IS

FIGURE : Given Transition Diagram
i) 0011 ii) 010101 i) 111100 iv) 1011101 .

Solution : Transition table for the given diagram is ,

0 1
- g, a
a, 9 9
9 a 9,
9 A 9

TABLE : Transition Table for the given Transition Diagram
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i) 0011 ii) 010101
6(q,,0011)|-5(q,,011) 8(q,,010101) |-&(q,,10101)

| ~8(gq,11) | -5(g,,0101)

| -8(qs,1) | -&6(g3,101)

1) | =8(g,,01)
- 0011 is accepted. |-8(q;,D)

=92

010101 is not accepted.

iii) 111100 iv) 1011101
5(qps111100) |~ 8(g5,11100) 5(g,,1011101) | -8(g,,011101 )
| - (g,,1100) | -8(gy,11101)
| ~6(g5.100) | -&(gy,1101)
| —6(g,,00) | -8(g,,101)
|-6(q,,0) | =6(g,,01)
| =40 |=8(gq,)
- 111100 is accepted. | —-g4
- 1011101 is not accepted.

Example 4 : Consider the NFA shown in below figure. Check the acceptability of following string

scanf("%d", &num) ;

Note : Letter stands for any symbol from {a, b, ......... ,Z }and digit stands for any digit
from {0, 1,2, ......... 9}.
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Solution : The transition sequence for givenstring:  scanf("' %d", & num ) ;

Since, execution of given string ends in final state g, , so the string is recognized.
Example 5 : Obtain a DFA to accept strings of a's and b's starting with the string ab .

Solution :

From the problem it is clear that the string should start with ab and so, the minimum string that can
be accepted by the machine is ab, To accept the string ab, we need three states and the machine
can be written as

where g, is the final or accepting state. In state g, , if the input symbol is b, the machine should
reject b ( note the string should start witha ) , So, in state g, , on input b, we enter into the
rejecting state g,. The machine for this can be of the form

()

The machine will be in state g, , if the first input symbol is a. If this a is followed by another a, the
string aa should be rejected by the machine . So, in state g, , if the input symbol is a , we reject
itand enter into ¢, which is the rejecting state. The machine for this can be of the form
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Whenever the string is not starting with ab, the machine will be in state ¢, which is the rejecting
state. So, in state g,, ifthe input string consists of a's and b's of any length, the entire string can
be rejected and can stay in state g, only. The resulting machine can be of the form

The machine will be in state g, , if the input string starts with ab. After the string ab, the string
containing any combination of a's and b's, can be accepted and so remain in state g, only. The
complete machine to accept the strings of a's and b's starting with the string ab is shown in below
figure. The state g, is called dead state or trap state or rejecting state.

FIGURE : Transition diagram to accept stringab (a + b )*

So, the DFA which accepts strings of a's and b's starting with the string ab is given
by M = (sz’a’qO’F)

where 0={q,, q,, .} L={a,b};
g, isthe start state ; F ={q,}
§ is shown the transition table.
‘ «— X -
) a b
T -4 aQ 4
3 9, 4, q;
g q; 4,
v 4, qs 9,

TABLE : Transition table for DFA shown in above figure
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To accept the string abab : This string is accepted by the machine and is evident from the
below figure.

a b a b
do q, / \ 9 q, 9
[ accepting state |
FIGURE : To accept the string abab
Here, 3*(g,, abab) =g, which s the final state. So, the string abab is accepted by the machine.

To reject the string aabb : The string is rejected by the machine and is evident from the
below figure .

a a b b
4 a, / \q. / a g
[ non - accepting state |
FIGURE : Toreject the string aabb

Here, & * (g,,aabb )= g, whichisnotan accepting state. So, the string aabb is rejected by the
machine.

Example 6 : Draw a DFA to accept string of 0's and 1's ending with the string 011.
Solution :

The minimum string that can be accepted by the machine is 011. It requires four states with g, as
the start state and g, as the final state as shown below.

—(w- )@
In state g, , suppose we input the string 1111 ..... 011. Since the string ends with 011, the entire
string has to be accepted by the machine. To accept the string 011 finally, the machine should be

instate g, . So, onany number of 1's the machine stays only in state g, and if the string ends with
011, the machine enters into the final state. The machine can be of the form
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Ifthe machine is in any of the states g,, 4, and g, and if the current input symbol is 0 and if the
next input string is 11, the entire string should be accepted. This is because the string ends with
011. So, from all these states on the input symbol 0, there should be a transition to state q, SO

that if we enter the string 11 we can reach the final state. Now the machine can take the form as
shown below.

Instate g, ,if the input symbol is 1, enterinto state g, sothat if the next input string is 011, we can
enter into the final state 4, S0, the final machine which accepts a string of 0's and I's ending with
the string 011 can take the following form.

FIGURE : transition diagram to accept ( 0+1) *011
So, the DFA which accepts strings of 0's and 1's ending with the string 011 is given by

M =(Q,£,6,9,,F) where
Q={qo’ dis 95 Q)}; Z={0, 1};
q, is the start state ; F ={q.:};
& is shown using the transition table.

«—

0 1
T -4 q, 9o
g q 9 @
r% 9z ‘e 9,
! 9 9

TABLE : Transition table for the machine shown in above figure
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To accept the string 0011 : This string is accepted by the machine and is evident from the below
figure . Here, &*(g,,0011)=g, which is the final state. So, the string 0011 is accepted by the
machine.

qo/ \11/ \‘I./ \qz/ \qs

FIGURE : To accept the string 0011

To reject the string 0101 : The string is rejected by the machine and is evident from the
below figure .

0 1 0 1
90 9 9, q, 4,
[ non - accepting state |

FIGURE : To reject the string 0101
Here, & *(g,,0101)= g, which is not an accepting state. So, the string 0101 is rejected by the
machine.

Example 7 : Obtain a DFA to accept strings of a's and b's having a substring aa .
Solution :

The minimum string that can be accepted by the machine is aa. To accept exactly two symbols,
the DFA requires 3 states and the machine to accept the string aa can take the form

where g, is the start state and g, is the accepting state. In state g, , if the input symbol is b, stay
in g, so that when any number of b's ends with aa, the entire string is accepted. The machine for
this can be of the form
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There is a transition to state g, oninput symbol a. Instate g, , if the input symbol is b, there will
be atransition to state g, so that if this b is followed by aa, the machine enters into state g, so
that the entire string is accepted by the machine. The transition diagram for this can be of the form

The machine enters into state g, when the string hasa sub string aa. So, in this state even if we
input any number of a's and b's the entire string has to be accepted. So, the machine should stay

in g, . The final machine which accepts strings of a'sand b's having a sub string aa is shown in
below figure

FIGURE : transition diagram to accept (a+b)* aa(a+b)*

The machine M = (Q,X,5,q9,,F) where

0=1{490:99. }3 L={a b}
q, isthestartstate; F= {q,}
& is shown using the transition table.

« -

5 a b

T g 4, 9o

[ 4, 9, 9o

3 &% 4%
\

TABLE : Transition table for the machine shown in above figure
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To accept the string baab : This string is accepted by the machine and is evident from the
below figure.

b a a b
ds 9o 9, 9, 9
[ accepting state |

FIGURE : To accept the string baab
Here, & * (g,,baab )= q, which s the final state. So, the string baab is accepted by the machine.
The string baba is rejected by the machine and is evident from the below figure.

b a b a
q/ \q/ \ q/ \ q/ \ q
o o l o [ non -acccplting state |

FIGURE : To reject the string baba

Here, & *(g,, baba) = g, which isnot an accepting state. So, the string baba is rejected by the
machine.

Example 8 : Obtain a DFA to accept strings of a's and b's except those containing the
substring aab.

Solution :

Note : This can be solved in two ways. The first method is similar to the previous problemi. .,

draw a DFA to accept strings of a's and b's having a substring aab. Then change the final states

to non - final states and non final states to final states. The resulting machine will accept the

strings of a's and b's except those containing the sub - string aab.

Here, the second method is explained. The minimum string that can be rejected by the machine
is aab. To reject this string we need four states g,, g,,¢, and g, . Since the string aab has to be

rejected, g, cannot be the final state and the rest of the states will be the final states as shown
below.
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The machine enters into g, ifthe string has a sub string aab. In this state if we input any number

ofa'sor/and b's, the entire string has to be rejected. So, stay in the state g, only. The machine
for this is shown below.

Instate g, , if the input symbol is b, stay in ¢, sothat if this b is followed by aab, the machine
enters into state g, so that the string is rejected. The machine for this is shown below.

Instate g,, if the input symbol is b, enter into state g, , so that if this b ends with the string aab,
the entire string is rejected. The machine for this is shown below.

b
The machine will be in state g, if the string ends with aa. At this stage, if the input symbol isa,
again the string ends with aa and so stay in state g, only. The complete machine to accept strings
of a's and b's except those containing the sub string aab is shown below,

FIGURE : DFA to accept the string except the sub string aab.

So, the DFA M =(Q,%,5,q,,F ) where
Q={qo,qlsqN q)}; 2={a,b}
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g, isthestartstate; F ={q,.9,,92}

& is shown using the transition table
«— Z -
& a b
) “)@ 4 do
g & 4
& % 4
\) a3 UE qs

TABLE : Transition table

Example 9 : Obtain a DFA to accept strings of a's and b's having exactly one a, atleastone a,
not more than three a's.

Solution :
To accept exactly one a : To accept exactly one a, we need two states g, and ¢, and make
g, as the final state. The machine to accept one a is shown below.

(%)

In g, , on input symbol b, remain g, only so that any number of b's can end with one a. The
machine for this can be of the form

But, instate g, , if the input symbol is a, the string has to be rejected as the machine can have any
number of b's but exactly one a. So, the string has to be rejected and we enter into a trap state
g, - Once the machine enters into trap state, there is no way to come out of the state and the
string is rejected by the machine. The complete machine is shown in below figure.
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FIGURE : DFA to accept exactly one a

The machine M =(Q,%,8,q9,,F) where

Qz{qO’ql!Q2}; Z={a b}
g, 1s the start state; F ={q,}
& is shown below using the transition table .

« X
s a b
1) >4 4, qo
2 . 4
5 q, o o
Y

TABLE : Transition table

The machine to acceptat least one a : The minimum string that can be accepted by the
machine is a. For this, we need two states g, and g, where g, is the final state. The machine for
this is shown below. a AN

()—@)

In state g, , if the input symbol is b, remain in g, . Once the final state g, is reached, whether the

input symbol is a or b, the entire string has to be accepted. The machine to acceptat least one a
is shown in below figure.

FIGURE : DFA to atleatone a
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The machine M = (Q,%,5,q9,, F) where

O={q0,9:} » L={a b}
g, isthe start state ; F ={q,}
8 isshown using the transition table .

L

) a b
=>4, g, 9o
@ 4

TABLE : Transition table

The machine to accept not more than three a's : The machine should accept not
more than three a's means

It can accept zero a'si.e., noa's

It can accept one a

It can accept two a's

It can accept 3 a's

But, it can not accept more than three a's.

In this machine maximum of three a's can be accepted i. ., the machine can accept zero a's, one
a, two a's or three a's. So, we need maximum four states g,, g,, ¢, and g, where all these states
are final states and g, is the start state. The machine can take the form

Instate g,, ifthe input symbol is a, the string has to be rejected and we enter into a trap state g, .
Once this trap state is reached, whether the input symbol is a or b, the entire string has to be
rejected and remain in state g, . Now, the machine can take the form as shown below.
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Instate g,, g,, g, and g,, if the input symbol is b, stay in their respective states and the final
transition diagram is shown in below figure.

FIGURE : DFA to accept not more than 3 a's
The DFA M =(Q,%,8,9,,F) where

090,91, 92, 93, 4u } 5 L={a, b}
q, isthe start state ; F={q, 9,99}
& isshown using the transition table .

«— -

) a b
4% 9
92 9
93 a2
9. UE
s q, 94

TABLE : Transition table for DFA shown in above figure

Example 10 : Obtain a DFAto accept the language L= { awa |w e(a+b)*}.

Solution :

Here, w e(a + b) * indicates the string consisting of a's and b's of any length including the null
string. So, the language accepted by DFA is a string which starts with a, followed by a string of
a'sand b's ( possibly including ¢ ) of any length and followed by one a.

If wis e (null string), the minimum string that can be accepted by the machine is aa and so, we
need three states ¢,,g, and g, to accept the string. The machine can be of the form
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where g, is the start state and g, is the final state, Instate g, , if the input symbol is b, the string

has to be rejected and so, we enter into a frap state g, . Once the machine enters into trap state,

whether the input is either a or b, the string has to be rejected and the machine for this is shown
below .

In state g, , if the input symbol is a, the string ends with aand so remainin g, . In state q,,ifthe
input symbol is b, enter into state g, so that after inputting the symbol a, the machine enters into
4, - The complete machine is shown in below figure.

FIGURE : DFA to accept awa

So, the machine M = (Q,X,6,9,,F) where 0= {4,,4,,9::9; } L={a,b}

q, isthe startstate ; F ={g,}
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§ is shown using the transition table .

“— -

3 a b
=>4, q, q3
.4 q; 9
@ 9> 9,
CE 43 93

TABLE : Transition table for DFA shown in above figure
Example 11 : Obtain a DFA to accept even number of a's, odd number of a's .

Solution :
The machine to accept even number of a's is shown in figure ( a ) and odd number of a's is shown
in figure( b).

Figure : (a) Figure : (b)
Example 12 : Obtain a DFA to accept strings of a's and b's having even number of a's and b's.

Solution :
The machine to accept even number of a's and b's is shown in figure 1.

FIGURE 1 : DFA to accept even no. of a's and b's
Note : In the DFA shown in figure 1, instead of making ¢, as the final state, make g, asthe final
state. The DFA to accept even number of a's and odd number of b's is obtained and is shown in
figure 2.
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FIGURE 2 : DFA to accept even no. of a's and odd number of b's

Note : In the DFA shown in figure 1, instead of making g, as the final state, make g, as the final
state. The DFA to accept odd number of a's and even number of b's is obtained and is shown in

figure 3.

a
FIGURE 3 : DFA to accept odd no. of a's and even number of b's

Note : Inthe DFA shown in figure 1, instead of making ¢, asthe final state, make g, as the final
state. The DFA to accept odd number of a's and odd number of b's is obtained and is shownin

figure 4.

FIGURE 4 : DFA to accept odd no. of a's and odd number of b's
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Example 13 : Design a DFA, M that accepts the language L(M) ={wjwe {a, b} } andw
does not contain 3 consecutive b's.

Solution :
We first consider a language L (M) ={ w|we {a, b}"} and w contain 3 consecutive b's.

Then DFA for L, is,

FIGURE : (A)
Now we can get language L(M) by converting non - final states to final states and final states to
non - final states.

FIGURE : (B)
FIGURE : Construction of DFA from the language L ={w|we{a, b}'}

Example 14 : Design DFA which accepts language L = { 0, 000, 00000, ...... } over{0}.

Solution : L= {0,000, 00000, ..... } over { 0 } means L accepts the strings of odd number
of 0's. So the DFA for L is,

FIGURE : DFA for the given language L.
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Example 15 : Obtain an NFA to accept the following language L = { wijw € abab" or aba"
where n 20 }
Solution : The machine to accept gpqp" Where 7 20 is shown below :

The machine to accept 45, Where n 20 is shown below :

The machine to accept either gpqp" OF ghg" Where n 20 is shown below :

Example 16 : Design NFA to accept strings with a's and b's such that the string end with 'aa’.

Solution :

Method - | : The simple FA which accepts a string with 'aa' is
—(O(——®

Now there can be a situation where in

Anything a a

eitheraorb
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Hence we can design a required NFA as

It can be denoted by ,

M = ({909 9.} 8, {a,}: 14:})
We can test some strings for above drawn NFA.

Consider
8(gpaaa) - 8(q aa)
- & (g, a)
| - d(g,.€)

i. e. we reach to final state.
& (qoi aaa) I—' b (qo» aa)
- 8 (g,, a)

. I_ J(lee)
i.e. we are not in final state.

Thus there are two possibilities by which we move with string 'aaa’ in above given NFA.

Method - li

Start with two consecutive a's initially. It requires three states g, g, and g, respectively. Consider
g, asthe initial state

Assign g, as final state so that it accepts two consecutive a's
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Design such a way if any number of b's preceeds firsta it should be in the same state i.e., in the
state g, . b

B VRGEN

Design such a way if a's preceed by first a it should move from g, to g, onlyi. e., it will be in
the state. ab

WOENGENG
Afier the second a, b comes it has to move from ¢, to g,.

ab

SN

Any number of a's followed by second a then it will be in the same state g, .

ab a
SN
The transition table is
a b
9 {90-9,} 0
q, 4, ¢
q, 9, q,

Test for the strings which ends with two consecutive a's.

String baa : String baa :

8(qqsbaa) | -8(qq,aa) 8(qo,baa) | -8(q9,aa)
|-6(q,.a) |-8(q0,a)
|-6(q2,€) | -8(g,,€)
| -g,€eF | -q,¢F

NFA and two possibilities for the same input also shown.
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String aab :
6(gq.aab) | ~5(q,,ab)
|—5(qz,b)
I-J(QI’G)
|~q,¢F

If the string is not ending with two consecutive a's it will not be accepted.
String aaa:
8(qq,aaa) | -8(qy.aa)
! - 5(‘11 )a)

|~5(q276)
|-g,€F

Example 17 : Design an NFA to accept a language of all strings with double 'a' followed by
double 'b'.

Solution : First design an NFA with three states g,, g,, ¢, and in which g, isthe initial state to
accept the string with two a's.

OauOmnO)
In second step we have to add another two states for the following two b's as shown below.
Those states are ¢, and g,

In the third step we assign g, as final state,

OO OO ©®)
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It can accept any number of a's or b's before first two successive a's. In the same way after the
two successive b's also it can accept any number of a's or b's.

ab
()
a a b b N
—‘\’*B—H—-’—J OauO=n O
The NFA is defined as below :
M=(0Q, 3,8, g, F)
where 0={90,9,>92295:9. } > I={a,b}

F ={ g, } and the transition table is given below :

a ' b
- q, {9049} 'R
g, 7 ¢
% ¢ q;
g5 ¢ 4
@) 4, 4,

Consider the string aaa bb :

8(q,, aaa bb) |- 8(q,, aa bb)

|- 8(q,,a bb)

I~ 8(q,, bb)

- 8(g5 b)

F 8(q €

- g, € F

aaa bb € L(M)

Example 18 : Design an NFA to accept strings with 0's and 1's such that string contains two
consecutive 0's or two consecutive 1's.

Solution : First we design NFA to accept two consecutive 0's . This
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0 0 '
(o))~
Next we can have any number of 0's and 1's before and after two consecutive zeros. ie.,

AT

then similarly NFA for accepting two consecutive 1's is

(o)——(0)——4]

Combining above two designs

BB
Transition table is

bS] 0 1

>4, {90591} {40.9:}

g, 9, ¢

4, 9

g ¢ 94

a, )




DEPARTMENT OF CSE

1.38 FORMAL LANGUAGES ANDAUTOMATATHEORY

Checking 10100 string with NFA.
. .
NERREY
G " q L] % 9
P X P }\

@

Observing above graph there are three completed paths for the string 10100. They are

Qol%g%‘qogqogqo
Qo!qoq%jqooqoqql
%'%"%'%° 9"

In all these three couple paths one path is ending with final state ( ¢, or g, ). So, the string 10100
is accepted (It contains two consecutive 0's ).

Now considering another stirng 1010, then graph becomes
P .
RN
% % % Q
X X X

There are two completed paths. But no path is ending with final state ( g, or g, ). So, the string
1010 is not accepted (because it does n't contain two consecutive 0's or 1's).

1.3 EQUIVALENCE OF NFA AND DFA

As we have discussed in comparison of NFA and DFA that the power of NFA and DFA is equal.
It means that if a NFA M, accepts language L, then some DFA M, also accepts it and
vice - versa.

In this section, we will discuss about the equivalence of NFA and DFA. It is obvious that all DFA
are NFA from NFA definition. We will see this in the following theorem.
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Theorem 1.3.1: All DFA are NFA.
Proof : While discussing the proof, we will concentrate on two things :

1. How to construct the target NFA? And
2. The acceptability should be same for both.

Step 1 : Construction of the target NFA from given DFA

Let M=(0Q,%, 8,q,, F) bethe given DFAand M, =(0Q,,Z, 8,,s, ;) be the target NFA,
then
1. Q, = Q ( States of DFA are same for NFA),
2. ¥ issame for both,
3. 8, =8 ,it means, whatever transition function given for DFA M is same for the target

NFA M,.

We also see that
For DFA M : Transition function is definedas Ox X — Q,and

ForNFA M, : Transition functionis definedas g, x£— 2@

So, (0x2-0)c (@,xX—>29) or gc 2
4. s=g, ( Same starting point or initial state )
5. F=F ( Same terminating points or final states )

Step 2 : The acceptability of DFA and NFA: Let w be an input string and accepted by DFA

Mand weX® if and only if &' (g5, w)=4,,q, € F ( § is indirect transition function )

For equivalent NFA M,

&, (s,w) =8'(q,,w)=q,,9, €F
(By construction definition 8, =8, s =¢,, £, = F and §', isindirect transition function for NFA).
Thus, NFA M, also accepts w.
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It means, L(M,) < L(M) (1
Now, let w is accepted by NFA A, if and only if &', (s, w) = 8", (¢,,w) =4, ¢, €F, and by
construction definition 8, = 8, s=g¢,, F,= F and &', is indirect transition function for NFA.

So, for DFA M 8'(¢,, W) =q,.,9, € F ( & isindirect transition function )

Thus, DFA M also accepts w.
Hence, M(L) c L(M,) (2)
Therefore, all DFA are NFA. (From (1)and (2))

Example : LetaDFA M =(Q, %, 8, q,, F) as shown in below figure . Find an equivalent NFA.

FIGURE:DFA

Solution :

Letequivalent NFA M, =(0,,2,6,,90.F) where 0, ={4,,9,,92:91.94},2={a,b} ,
F ={aq,, q.}, 5, isdefined below.

a b
-4 g, q;
4 9, -
9> - 94
g 9
@ 4 94
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Theorem 1.3.2 : If there is a NFA M, then there exists equivalence DFA M, that has

Proof :

Step 1 : Construction of the equivalent DFA M, from given NFA M

equal string recognizing power.

1. How to construct the equivalent DFA ? And
2. The acceptability should be same for both.

While discussing the proof, we will concentrate on two things :

In NFA, zero, one or more next states are possible on a particular input. When we have more
than one next state then we group all next states into one as [ g,, ¢,, ¢, ] and we call it one next
state for equivalent DFA.

Let M =(0Q, £, 8, g,,F) bethe givenNFAand M, =(Q,, %,8,, 5,F) be the equivalent DFA,

then

I I e

0 c2 (n¢ is the power set of the set Q.),
. is same for both,
s = [g,] is initial state for M,,

F, < 2° such that each member of F, has at least one final state from F.

8, is constructed as follows :
Let w=a € £ and

If for given NFA M : 8(q,, @) ={dys Gas verveevens q,},then
For equivalent DFA M, : 8,([g,), @) =[ 415 Gas wevvereeees q.]
And

If for NFA M : 8({g,, Gys -y n } 5 @) = 1415825 w3 U }, then
Forequivalent DFA M, : 8,([g,s 42»--ves G4 1, @) = 1415 25 ey G ]

Note: [g,, ¢, ..., g, ] denotesasingle state for equivalent DFA.
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Step 2 : The acceptability of DFA and NFA

We use the mathematical induction method to prove that L(M) < L(M,) and L(M,) < L(M)
for all input strings w e " .
Case 1 :Let jw|=0,itmeans, w=€ (Null string)

Let w is accepted by NFAM if and only if

5(qy.€)= g, -and g, € F (Starting state is final state).
So, the initial state of DFA will be the final state, hence w =g isaccepted by DFA also.

Case 2 : Let|w|=1and w=aeZ is accepted by NFA M, then for NFA
M :8(qy, @) = {4» Gzs-rndy }» @A {q), G5, ..., g, } has at least one final state, then by
constructive proof of equivalent DFA M, :

8,([g0), @) =[9y1 G2sees 9, ] and [g,, g2y 4, ] has at least one final state, so [g,, 4;,.--» 4, ]
is a final state for equivalent DFA A, .

Therefore, the equivalent DFA M, also accepts w=a.

Case 3: Suppose|w|=nand w =a,a,...a, is accepted by both M and M, and
For NFA M : 3'(q,@,a3--Gy ) = {41,472 m} > a0d
For equivalent DFA M,: &', = ([g,), @,@;.--a,) =[ 413925 -+-» 9]

Case4:let|w|=n+landw=yb

Where || =n, y =a,a,...a, and y, b e’ is accepted by NFAM Ifand only if
For NFA M: 8' (qg, @@y 8,0)=8 ({@1sGg0ses Gu}s B) = {Q1sGaseres Do}
({4,545 9, has at least one final state from the set F ).
By constructive proof of equivalent DFA M,
&', (19,), 4,05 @, B)= 8, ([41sG35+-+2 G,): B) =[4,,93554,]
(4,+4s,.---+ 4,) contains one final state from F, thus it is a final state for equivalent DFA M,.
Therefore, M, also accepts the string w=yb.
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(&', &', are indirect transition functions for NFAM and DFA M, respectively.)

It has been proved that if NFA M accepts w then DFA M, also accepts w for any arbitrary

string w.

Thus, L(M,) c L(M). (1)

Similarly, we can prove that if equivalent DFA M, accepts any string w e £, then NFA also
accepts it.

Thus, M(L) < L(M,). @

Hence, the statement of Theorem 1.3.2 is true. ( From (1) and (2))

Example 1 : Consider a NFA shown in below figure. Find equivalent DFA.

FIGURE : Non - deterministic finite Automata

Solution : Let given NFA M=(Q,%,3, g, F) and equivalent DFA
Ml = (Ql)zyal ’[qo ])E) » where Q - {Qo 3q1:9, sqf},2={asb}, s is starting Statc,
F={gq,},and § is defined as follows :

q, b
= {90,491} {40}
4, - {q,}
4, - {q,}

3, isdefined as follows :
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1. Keep the first row of NFA as it is with square bracket as follows :
| a b

[qe]| [q07ql] [QD]

2. Now, we have two states : [g,1[g0.9,]. We select the one next state that is not a present
state till now and define the transition for it. We have only one next state [g,,g, ], whichisnot

a present state .
[ a b
-»[g,] [90,41] [90)
[90:01] [90.4:] [90-42]

Since, 6,(194.9, la)=[8(gy,a)d(q,,a)1=[{4q, 4,30 8] =l90.41] ,and
8,([90,9,1,6)=18(g,,b)d (g, b)=[{q0}{q2}1=[90:92]

3. Now [g,,,] is the next selected state, because [gy,g;]1s defined already

a b
-lg:) (90:9:) [90]
(90,91 (90:] (9042
[90:9,] (90:91] (90,91

4. Now, the state [¢,.9,] is the next selected state.

a b
~a] (90,411 (9]
[90:4:] [90.9] [90:9:)
(40:22] (03] (0491
(90911 (9041 l4.]

5. Now, we have no new choice of the next state to be considered as present state. Thisisthe
completion of transition table. We have

0,={901.[90-3:1 190,02 11909 7).} (All selected states in transition),
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and F,={[q,.9 ; 1} (Only one final state )

FIGURE : Transition Diagram of equivalent DFA

We see one thing here that not all states of 7¢ are selected for transition. We have selected those
states, which are reachable from the initial state only and other remaining states of ¢ are neglected.

So, finally we conclude that only those states of 2¢ are considered in transitions, which are
reachable from the initial state.

Example 2 : Construct equivalent DFA for NFAM = ({p,q,r,s}. {0, 1}, 5. p{q, s}), where
§ is given below .

0 1

p {q,s} {q}
@ {r} {q.r}
r {s} {q.,r}
. {p}

Solution : Letequivalent DFAis M, and M, =(Q, Z, 8, [p], F)

Construction of Transition table for equivalent DFA

0 1
- [p] [g. 5] [q]

(9] [r] [g,7]
[g. 5] [r] (P, q,7]
[7] [s] [g.7]
[g.7] [r 5] [g,7]
[p.q.7] lg,7,5] [g,7]
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[s] ] [p]
[r, 5] [s] (. q.7]
lg,7, 5] [r, 5] (P, q,7]

Q={[pl. [al, [], [s], [a.1], [, s]. [q. 5], [P, Q7). [ G181},
¥ = { 0,1}, [p]isthe starting state,

andF={[ql,[s], [q.1].[rs],[qs].[p.qr]),[q rs]

Example 3 : Find a DFAequivalent to NFA M = ({g,,q::92}-{0,1}, 8,40,{4,}) . where § is defined

as follows .
PS NS
0 1
>4, {909, } {4: }
q, {q,} {g9,}
- {9:- 9, }
Solution : Let M'=(Q, £, 8, [g,], F) be the equivalent DFA, where I = {a, b} ,and [g,] is
the initial state.
Transition table :
NS
PS 0 1
-] [9,.4,] [4.]
[g,] ] (405 9,]
(9.5 4] (90, 4,) [4:- 9]
(41, 9.] [4.] (90> 9]

Q ={[40 ] [qZ]s[qOSQI ]:[‘Ihqz]} yand F = {[qz]’ [Qqu] }

Transition diagram :

FIGURE : Equivalent DFA
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Example 4 : A NFA which accepts set of strings over { 0, 1 } such that some two zero's are
separated by a string over { 0, 1 } whose length is 4n (n> 0) is shown in below figure . Construct

equivalent DFA,

FIGURE:NFA

Solution : Letequivalent DFA M = (0Q,% +0,[q, ), F). constructing transition table for given

NFA:
(NS)
(PS) 0 1
>4, { q, } =
q, {99, } {ag,}
2, {a 1} {g, }
4, ta} {a}
q. {a} {a}
. -
Constructing transition table for equivalent DFA :
(NS)
(PS) 0 1
gl [4 1] [
[q,] [ 4.4, ] [g,]
[g.] [g,] [g,]
[g,] [q.] A
[q.] [q] (4]
[q)] [qJ]
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Where, 0 ={g,){9:).1921[9:119:1192.95 1E={0,1},[g,] is starting state, F={g,,4:]}, and
transition function is defined above.

Transition diagram :

FIGURE : Equivalent DFA

1.5 NFAWITH < - MOVES

1.5.1 Finite automata With - - Transitions

This is same as NFA except we are using a special input symbol called epsilon (€). Using this
symbol path we can jump to one state to other state without reading any input symbol.

This also analytically indicated as 5 - tuple notation.
N =(Q,L,0,4,,F)
0 — set of states in design
¥ —» input alphabet
g, —> initial state
F — final states (cQ)
5 — mapping function indicates Qx (Su{e})—>2¢

Example : Draw a transition diagram of NFAwhich include transitions on the empty input e and
accepts a language consisting of any number a's followed by any number of b's and which in turn
followed by any number of ¢'s.
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Solution : It requires three states g, g, and ¢, and they accept any number of a's, b's and ¢'s

respectively. Assign ¢, as final state.

()

G—6

Toreach from g, to g, and g, to g, no input will be giveni. e., they treat ¢ as their input and do

the transition.

OENA NG

b c

AT A

Normally these ¢'s do not appear explicitly in the string.
The transition function for the NFA is shown below :

a b c €
4, {g.} ] ] {a,}
9 ] {a,} ¢ {a:}
¢ ¢ {a:) ¢

For example consider the string © =ab ¢

String ® =ab c (i.e., string in actual formis a € b ec i. e., included along with epsilons).

8(q,, abe)

The path is shown below :

a° 49 *q qu fq,°

witharcs labeled a, € b, €, ¢

I~ 8(qq, be)

|- 8(q,, €bc)

I 8(q,, bc)

- 8(g,, €0)

- 8(9:, ©) g2 €F

q,
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Extension of Transition Function From 5 to §

The extended transition function § maps Qx £ to 2¢. Itis important to compute the set of
states reachable from a given state ¢, using e transitions only for constructing § -

The e closure (g,) is used to denote the set of all vertices g, such that there is a path from
g, to g, labeled ¢.

Consider the problem £ 8 _ 8 . 3

Here e - closure (g,) = {qosqlsqzvqs }

8 (g,,€) = e—closure = {4,,9,,9:+9; }

- closure (q) is used to denote the set of all states s such that there is a path from q to s for
string @ , includes edges labeled e.

Note : The transition on e doesnot allow the NFA to accept Non - regular sets.

Definition : The extended transition function § isdefined as follows::

@ &g, € = e- closure(q)

(i) For o in g and x in 3,5 (¢q,0x)=e -closure (s), wheres = { s| for somerin
5(q.@).s € & (r, x)} & canbeextended § by extension to set of states.

i) 8 (R, %)=, 8(2:%) and

@) & (R, ®)=\J 8 (g, 0).

Note : § (g, a) is notnecessarily equal to 3 (g, a) .

Example : The following NFAwith & transitions accepts input strings with (a's and b's) single a
or a followed by any number of b's.

~—-0—=8
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The NFA accepts strings a, ab, abbb etc. by using e path between ¢, and g, we can move
from g, stateto g, without reading any input symbol. To accept ab first we are moving from g,

to g, reading a and we canjumpto g, state without reading any symbol there we accept b and
we are ending with final state so it is accepted.

Equivalence of NFA with < - Transitions and NFA without < - Transitions

Theorem :Ifthe language L is accepted by an NFAwith < transitions, then the language Z,
is accepted by an NFA without - transitions.

Proof : Consider an NFA 'N'with e transitions where N =(Q, Z, 38, g,, I)
Constructan NFA N, without ¢ transitions N, =(Q,, Z, 8,, g,, F)
where Q =0 and

P Fulq,} if e-closure(q,)contains a stateof F
' F otherwise

and 8, (¢,a) is 3 (g,a) forqinQandain 3.

Consider anon - empty string o . To show by induction | o | that § (g,, ®) = & (¢,,®)
For @ =€, the above statement is not true, Because

5|(q0’e)={QO} »
while 8(gy.€)=€ —closure (q,)
Basis :
Start induction with string length one .
ie., |@|=1
Then wis asymbol a, and J,(q, ,a)=t§(qo,a) by definitionof 3, .
Induction : o |>1

Let ® = xy forsymbolain 3.
Then 8,1(g0,x¥)=6,(8,(4¢-%)¥)
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By inductive hypothesis

8, (g0, X¥) = 8 (955 X)
m 3(q 0 ,X)=S

We have to show that 5,(s,y)=¢§(qo,xy)
v U s
But o,(s,y)= d,(q,y)= 6(q.y)
ges ges
then 5'—‘3(40’")
() ” -~
5(q,y) =5(Q0 ,X)
€s

By rule (Rule: For @ €X' and x € £, § (¢, wx) = e~ closure(s),
where s = { s| forsome rin § (g, ) , 5 € &(r,x)} inthedefinitionof §).
Ths 8, (40 X ) =8 (g0 x¥) -

To complete the proof we shall show that &' (g,, w) containa state of F'if and only if 5 (g,, x)
contain a state of F. For this two cases arises.

Casel:If o = €, this statement is true from the definition of F.

ie, 8,(9,9=1{4q}
= qo€ F'

Whenever § (g,, €) is - closure (g,) , contains astate in F ( possibly is g, ).

Casell : If  # € then W =xy for some symbol y.
If § (g,, ) contains astate of F, = 8, (¢,, ) contains some state in F'
Conversely, if 8, (g,, ®) eF, otherthan qo,:zf(qo,m)eF .
If 8,(9,,@)€q, and g, ¢ F , then

S(qo! )= e~ closure (51(3(%,0);)’)),
The state in e- closure ( g,)and inFmustbein 3(g,, m)-
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Calculation of = -closure :
€ - closure of state ( e-closure (q)) defined as it is a set of all vertices p such that there is a
path from q top labelled e (including itself).

Example :
Consider the NFA with & - moves

CESORN ENG

e — closure (g,)= {45, 9,: 42> 45 }
e~ closure (g,)={ 4,,9,, ¢, }

e - closure (¢,)= { ¢, ¢, }

e - closure (¢,)= {g, }

Procedure to convert NFA with - moves to NFA without - moves

Let N = (Q, £,8, q,, F)isaNFAwith ¢ movesthen there exists N'=(Q,e,¢§,qo,p') without
 MOves

1. First find e — closure of all states in the design.

2. Calculate extended transition function using following conversion formulae.
®  8(g, »)=e- closure (3(3 (g, ©), x))
(i) 3(g.,e)=e — closure(q)

3. F'isasetofall states whose e closure contains a final state in F.

Example 1 : Convert following NFAwith & moves to NFAwithout ¢ moves.

Solution : Transition table for given NFAis

S a b €
>4, 4, ' ¢ ¢
q, ] ] q:

0 % ¢
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(i) Finding < closure :
e~ closure (g,) = {g,}
e~ closure (g,) = {q,, 4}
e~ closure (¢,) ={¢,}

(i) Extended Transition function :

S a b
—> 4, 191,92} [
¢ {a:} ;
0 ()
3 (g4, @) =& —closure (6 (5(q°,e),a))

= e~closure (8 (€ —closure (g,) , a))
= e—closure (8 (g,, a))
= e~closure (g,)

={491:92 }

8 (g., b) =€ ~closure (5(5(gq.€).b))
=~ closure(d( e closure (q,), b))
=&~ closure(d (g,, b))
=e~ closure(¢)

=9

5 (q,,a) =e~— closure(S(s (g,, €), a))
=e- closure(d ( e~ closure(q,), a))
=e~ closure(d ((4,, 9,), @)
=e~— closure(d (q,, a) Vd(q,, a))
=e- closure ($)

=9
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8 (g, b) = €- closure (& (8 (g,, ©), b))
= €~ closure (8 ( €~ closure(q,), b))
= e~ closure (3 ((4,, 4,), b))
= €~ closure (5 (g,,b) v (q,,b))
= €~- closure (q,)

={q,}

3 (g,, a) = e~ closure (8(3(g,, €), a))
= €— closure (8(e—closure(q,), a))
=€ —closure (6(q,,a))
= €— closure (¢)
=9
8 (g2, b) = e~ closure (5 (3 (g,, ©), b))
= €— closure (& (e-closure (q,), b))
= e~- closure (8 (g,, b))
= €~ closure (gq,)

={q,}

(iii) Final states are ¢,, ¢, , because
€— closure (g,) contains final state
€~ closure (g,) contains final state

(iv) NFAwithout € movesis

(W@~
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Example 2 : Convert the following NFAwith & — moves into equivalent NFAwithout ¢ - moves.

Solution : Transitiontable is

0 1 €

>4, 90 ) q,
g, 2, ¢
4, q, qs ]
4 4 g 9

(i) Finding - closure :

e~ closure (¢) isaset of states having paths on epsilon symbol from state q.
e~ closure (q,) = {40, 9, }
e~ closure (q,) = {q, }
e~ closure (q,) = {9, }
e~ closure (q;) = {q, }

(ii) Extended Transition function :

8 (g4, 0) €~ closure (8 (5 (g, €),0))

I

e— closure (8 ( € - closure (g,), 0))

€~ closure (8 ((g0: 9,), 0))

=& —closure(5(g,,0) 8(g,,0))
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€— closure (g, ;)

&~ closure (gq,)\w e~ closure (g,)
={90:41} V1{g;}
={90:91/93}
8(g,, 1) =e—closure (8(5(g,,), 1))
=e~closure (8( e —-closure (g,), 1))
=e—closure (8 ((95,4,), 1))
= € —closure(5(qy,1) wd(q,,1)) =€ ~closure(¢ _ g,)
=e~closure (q,)

={q,}

Continuing like this the table is generalised as follows.
0

{90:91,93} @
Q q, q,

9 q, qs
q; 9, q,

(iii) Final statesare g,,g, , because
e-closure (g,)=1{90::} it contains final state
e-closure (¢,) =g, isalso final state

(iv) NFA without ¢ movesis:
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Example 3 : Find an equivalent NFAwithout ¢ transitions for NFAwith e - transitions
shown in below figure.

FIGURE : NFAwith - transitions
Solution : The transition table is ,

Inputs
States 0 1 2 e
>4, {q.} ] o {q,}
9 o {a.} ) {0}
¢ ¢ {¢,} ¢

TABLE : Transition Table for the NFA in above figure.

GivenNFA M = ({qosQH Q2}t {0, 1,2, E}, 3, o { 9 }) .
Now NFA without ¢ - moves.

M'=(0,%,8,4,, F)
(i) Finding e~ closure:
e-closure (4,)= { 44, 9> 92}
e~closure (g,)= { 9\» 4.}
e—closure (q,)= { 4.}

(i) Extended Transition function:
8 (40, 0)

I

e —closure (8 (5(qo, €),0))
e—closure (8 { 4ys 4:s 923 ,0)
=e —closure(8(gy, 00 8(g,,0) w 6(g,,0))
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e—closure ({q,} Vo)

e~closure (g, )
={4:%:9:}
8 (45, 1) = e-closure (8( 3 (g,, €), 1))

e-closure (8( {qs,9,,9,}, 1))
e—closure [8(g,.1) U 8( q,,1) U(g,, 1)]

Il

e—closure ($ U q, v )

I

e~closure ( q,)

=144}
Similarly for other transitions gives, transition table § (g, a)
Inputs
States 0 1 2
- 90,9, 4.} {9,4:} {9}
¢ {q,9,} {4}
0 0 (4.}

TABLE : Modified Transition Table for the NFA in above figure

(i) F' contains g,,4,,9, because e- closure (g,), e closure (g,) and - closure (g,)
contains g, .
(V) M'=(0,,5, q,, F*) NFAwithout ¢ transitionsis,

FIGURE : NFA without ¢ - transitions
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Example 4 : For the following NFAwith - moves convert it into an NFA without ¢ moves.

€ 3 a4 5 b
2
©
5O 2 2
&7 :

FIGURE : NFAwith e— moves
Solution :

Let given NFA with - moves be,

M=(Q,%,38,q, F)
Q={1’2’394’53 6a7,8} ’ = {a, b}
q0=l; F={l,7,8}

() Finding e- closure:

First we need to find e - closure of all states of M.
5(g.€)=c ~closure(q)

5(1,)=¢ —closure(1)={1,2, 3,6}

3(2,e)=e ~closure(2)={2,3,6}

3(3,€)=e —closure(3)={3}

3(4,€)=c —closure(4)={4,5}

8(5,€)=e —closure(5)={5}

8(6,€)=€ —closure(6)={6}

8(7,€)= —closure(7)={2,3,6,T}

5(8,c)=c —closure(8)={2,3, 6,8}
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(i) Extended Transition function:

5(l,a)

=e —closure (6(3(1,&),a))
= - closure (8({1,2,3, 6}, a))

= €— closure ({4, 8})
=1{2,4,5,6,8}

S(1,b)  =e-closure(5(5(1,€)b))

= e- closure (8({1,2,3,6}, b))

= e— closure (9)

= {¢}

8(2,a)  =e—closure(5(5(2€),a))

=1{2,4,5,6,8}

3(2,b) =€ —closure(&(c‘;' (2,),0))

= {0}
3(3,a) = —closure(5(5(3.£).a))
={4,5}
5(3,b) =& —closure(3(6(3.£).a))
={¢}
5(4.a) = e —closure (5(5(4,€),a))
={¢}
5(4,b) = & —closure (5(5(4,£),h))
={7}
5(5,a) = & —closure (5(3(5.€).a))
={d}
5(5.b) = € ~closure (5(8(5,€),b))
={T}
3(6,(:) = € —closure (5(3(6,6),0))
={8}
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5(6,6) = e —closure (5(5(6,€),b))
={¢}

= e —closure (5(5(7,€),a))
—{48)

8(7,a)

8(7.b) = e ~closure (5(5(7,€),b))
={¢}

8(8,a) = € ~closure (5(5(8,€),a))
={8}

5(8,b) = € ~closure (5(5(8,€).b))
={¢}

Final states of M' includes all states whose e - closure contains a final state of M.

F={1,78}

Transition tableis ,

a

e

)
2
3
4
5
6
@

{2,4,5,6,8}
{2,4,5,6,8}

{45}
0

¢

{8}
{48}
{8}

-t S

e o o ~ "~ e o o |
PUIES

FIGURE : Transition Table for the NFA in above figure.
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Transition diagram of NFA without e — transitionsis,

FIGURE :NFA without ¢ — transitions
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FINITE STATE MACHINES

After going through this chapter, you should be able to understand :

Finite State Machines

Moore & Mealy Machines

Equivalence of Moore & Mealy Machines
Equivalence of two FSMs

Minimization of FSM

2.1 FINITE STATE MACHINES (FSMs)
A finite state machine is similar to finite automata having additional capability of outputs.

A model] of finite state machine is shown in below figure .

|

Input tape Output tape
FIGURE : Model of FSM

2.1.1 Description of FSM
A finite state machine is represented by 6 -tuple (0,,A,8 »A:q,) s Where
1. Qis finite and non - empty set of states,

2. y isinputalphabet,
3. A isoutput alphabet,
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4. 3 istransition function which maps present state and input symbol o to the next state or
Ox2—>Q,

5. 3 isthe output function, and
6. ¢,=0Q,istheinitial state .

2.1.2 Representation of FSM

We represent a finite state machine intwo ways ; one is by transition table, and another is by
transition diagram . In transition diagram , edges are labeled with Input/ output.

Suppose , in transition table the entry is defined by a function F, so for input a, and state g,
(g, 0;) = (8(q,, a,), Mg;,a,)) (where § is transition function, 3 is output function,)

Example 1 : Consider a finite state machine, which changes 1's into 0's and O'sinto 1's
{ 1's complement ) as shown in below figure .

Transition diagram :

(=Ds
—

FIGURE : Finite state machine

Transition table :

Inputs
0 I
Present Next State (NS) | Cutput Next State (NS) Output
State(PS)
q q ! q 0
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Example 2 : Consider the finite state machine shown in below figure, which outputs the 2's
compilement of input binary number reading from least significant bit (LSR).

® @
_g 171 ,

FIGURE : Finite State machine

Suppose, input is 10100. What is the output ?
Solution : The finite state machine reads the input from right side (LSB).

Transition sequence for input 10100 :

Zﬁpﬂfs PR—

dy »” -
.0.0()’1‘\?‘/'1 o {}

Outputs —
So, the output is 01100.

2.2 MOORE MACHINE

If the output of finite state machine is dependent on present state only, then this model] of
finite state machine is known as Moore machine,

A Moore machine is represented by 6-tuple (Q,%,A,6,4.q,), where
Q is finite and non-empty set of states,
> isinput alphabet,
A isoutput alphabet,
8 is transition fimction which maps present state and input symbol on to the next state or
Oxi -0,
A is the output function which maps O -» A, (Present state —» Qutput), and
4o € O ,is the initial state .

G I T s

If Z (1), ¢ (r) are output and present state respectively at time 7 then
Z{ty = (g ().
Formput e (null string), Z () = A (initial state)
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Example 1: Consider the Moore machine shown in below figure.Construct the transition
: table. What is the output for input 010107

Quitput = 0

Output = 1

FIGURE: Moore machine

Solution : Transition tableisas follows:

Inputs
0 i
Present Next State Next State Output
State (PS) State (NS} State (NS)
g, g, ‘3 0
4 4, 4 0
2, 4 3 0
4 q, g, 1

Transition sequence for string 01010

O OanOanOsnOsnO
AN B 0 0 0 0 N/

So, the output is 00000,

Note : Since, the output of Moore machine does not depend on input. So, the first output
symbolis additional from the initial state without reading the input i.e., null input and output length
is one greater than the input length, but not included in the above output.
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Example 2 : Design a Moore machine, which outputs residue mod 3 for gach binary input string
freated as & binary integer.

Solution : Let Moore machine M = (Q, T, A, 8, A, ¢,), where T = {0, 1}
A = {0, 1,2} (outputs after mod 3), |
Let three states {g,, ¢4, q,} arethereand
State g, outputs 0,
State ¢, outputs 1, and
State ¢, outputs 2.
Ifinputis binary string X, then
X is followed by a 0 is equivalent to twice of X
X is followed by a 1 is equivalent to twice of X plus 1.
X0 = (2% X)), (indecimal system), and
X1=(2* X ), +1 (indecimal system)
X mod3=rfor r=0o0r1or2, then
XOmod3=2%rmod3 (¥or input )

=(orZori

For transition :
G, > Gorrmeas fore=90,1,2
X imod 3=(2 *# + 1)mod 3 (Forinpatl)
= 10,2

For transition :

dr ™ Frasr+tymod 3 forr=0,1,2
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Transition diagram :

Exampie 3 : Design a Moore machine which reads input from (0+1+2)* and outputs residue mod
5 of the input. Input is considered at base 3 and it is treated as ternary integer.

Solution :

LetMooremachine M = (0, T, A, 8, A, g,) produces outputresidue mod 5 for each input
string written in base 3. '

T o= {0,1,2),A = {0,1,2,3,4}

Let five states {g,. 41, 94, 43, ¢4} arethere and

State g, outputs 0,

State 4, outputs 1,

State ¢, outputs 2,

State g, oufputs 3, and

State g, outputs 4.

I input is binary string w, then

w is followed by a 0 is equivalent to thrice of

w isfollowed by a 1 is equivalent tothrice of s plus 1,
w is followed by a 2 is equivalent to thrice of w plus2.

Or

W0 =(3*W ) (ndecimal system),

W1e (3%W ) +1 (indecimal system),

W2=(3*W)y +2 (indecimal system)

Ifwmod 5=p,forr={0,1,23,4} (inthe order of the elements), then
Womod 5=3*rmod 5 (Forinput()

= {0,3,1,4,2} (Inthe order of elements)
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For transition:
0, O rmas for r={0,1,2 3,4} (inthe order of the elements)
Wimod 5=3*r+1ymod 5 (forinputl)
= {1,4,2,0,3} (Inthe order of elements)

For transition :
@, > Qsrratymos s for ¢ = {0,1,2,3,4} (inthe order of the elements)
W2mod 5=(3*7+2)mod 5 (forinput2)
={2,0,3,1,4} (Inthe order of clements)

- For fransition : _
Q, = Quaeranmas for r = {0,1,2,3,4} (intheorder of the elements)
Transition fable

Inputs
0 1 2
PS NS NS NS Output
Ty 9 _ 9 2 0
iy 3 d4 dy 1
qa 4 gz g 2
s 4 9o H 3
% 9 4s % 4

2.3 MEALY MACHINE

If the output of finite state machine is dependent on present state and present input, then
this model of finite state machine isknown as Mealy machine.

A Mealy machine is described by 6 - tuple (0,2.A,8.2,4,) ,
where

1. © is finite and non-empty set of states,

2. s isinputalphabet,

3. A isoutputalphabet,
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4. g istransition function which maps present state and input symbol on to the next state or

gx I -> @G,
5. 3 isthe output function which maps OxX—» A (Present state, present input symbol) —

Qutput ), and
6. g, Q,istheinitial state.
If 2(t), q(r), and x (r) are output, present state, and present input respectively at time ¢,

Then, Z (1) = & {g (O, x(£))

Forinput ¢ (nullstring), Z () = e

Exampie 1: Consider the Mealy machine shown in below figure. Construct the transition table
and find the output for input 01010,

FIGURE : Mealy Machine

Solution : Transition table is construcied below.

Inputs
0 1
PS NS Output NS Output
8, 5 1 s, 0
3 5, 0 8, 1
S’l s! } Sl 0
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Transition sequence for input 01010

1 1 N1 N /1

(So, the outputis 11111.)
(Note : The output length is equal to the input length).

Example 2 : Construct a Mealy machine which reads input from {0, 1} and outputs EVEN or
ObD according o total number of 1°s even or odd.

Solution :

We consider two states ¢,, which outputs EVEN and 4, which outputs ODD.
Suppose, ¢ e(0 + 1)" haseven number of I's, thenall also has even number of 1's.

Suppose, b «(0 + 1)° has odd number of I's then bl also has odd number of I's.
Transition diagram :

0/EVEN

1/EVEN

FIGURE : Mealy Machine

Example 3 : Design a Mealy machine which reads the input from (0+1)* and produces the
following ouiputs.

(i) ¥ input ends in 101, output is A,

(i} H input ends 110, the cutpuitis B, and

{iiiy For other inputs, outputis C.

Solution : Suppose, Mealy machine M = (0, I, A, 8, A, ¢,) whichreads the inputs from
(0 + 1) *, starting from the least significant bit (LSB).
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Consider three LSBs of Input Output
L0000 (X ¢
001 (X) c
010 (X) C
011 (X) c
..100 (X) c
101 A
o H) B
INIINC.S c

Transition diagram :

101/ 4 D}
i 12{}/3@

x/C
@)

FIGURE : Moore Machine

2.4 EQUIVALENCE OF MOORE AND MEALY MACHINES

We can construct equivalent Mealy machine for a Moore machine and vice-versa. Let A, and
M, beequivalent Moore and Mealy machines respectively. The two outputs 7, (w) and 7, (w)
are produced by the machines M, and A7, respectively for input string w . Then the length of

7, (w) is one greater than the length of Z,(w), ie.

[T =B m|+1

The additional length is due to the output produced by initial state of Moore machine. Let output
symbol x is the additional output produced by the initial state of Moore machine, then -
Ti(w)=xTr(w). |
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It means that if we neglect the one initial output produced by the initial state of Moore machine,
then outputs produced by both machines are equivalent. The additional output is produced by
the initial state of (for input ) Moore machine without reading the input. '

Conversion of Moore Machine to Mealy Machine
Theorem : If 31, =(0.%,A,8,2,4,) isaMoore machine then there exists a Mealy machine
M, equivalentto M,. _
Proof : We will discuss proof in two steps.
Step 1 : Construction of equivalent Mealy machine A, , and
Step 2 : Outputs produced by both machines are equivalent.
Step 1{Construction of equivalent Mealy machineM,)
Let M, =(0,%,A,8,1",q,) whereallterms 0,5, A, 8, ¢, are same as for Moore machine and
A’ is defined as following :
Mg,ay= A8 (g anforallg e Gand 4 ¢ 3

The first output produced by initial state of Moore machine is neglected and transition
sequences remain unchanged.
Step 2 : If x is the output symbol produced by initial state of Moore machine M,, and
T;(w), T, (w) are outputs produced by Moore machine A4, and equivalent Mealy machine 4,
respectively for input string w, then

Ti(w) =xT,(w)
Or Output of Moore machine = x| | Output of Mealy machine
(The notation | | represents concatenation) .

If we delete the output symbolx from 7, (w) and suppose itis 7y (w) which is equivalentto

the output of Mealy machine. So we have,
I (w) = T(w)
Hence, Moore machine A4, and Mealy machine M, are equivalent,

Example 1 : Constructa Mealy machine equivalent to Moore machine M, given in following
transition table.
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Inputs
0 1
Present Next State Next State
State (PS) {NS) (NS) Output
s 4 & 1
9 3 P 0
a 4 2 1
s 4, % 1
Solution : Let equivalent Mealy machine M, = (Q,2.A,8,4,9,4)
where
Lo Q={q¢.9,,9243}
2. %= {0,1}
3, A={01
4. 3 isdefinedas following:
Forstate ¢,:4'(¢4,0) = AU8(g0.0)) = A (g;) =0
Agqd) = A(6(go,1)) = M) =1
Forstate ¢, : A" (g, 0 = 2 (3 (g, 00 = A{gs) = 1
Mg, D) = A0 (L) = Mg =1
Forstate g, : ' (¢,,0) = A (8 (g, 0 = A{g) = T
Mg, D) = 2B (g, 1) =A{g) =0
Forstate ¢4:47(g3.0) = A(9(gq3,0) = A{gy) =1
Mgy ) = 2B (g D) = dlgy) = 1
Transition table ;
Inputs
0 1
PS NS Output NS Output
~4q 4 0 % 1
9 g3 1 'y 1
a4, P 1 4 0
43 4q 1 43 1
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Transition diagram :

Example 2 : Constructa Mealy machine equivalent to Moore machine A/  =(G.2A8,4.4,)

FIGURE: : Mealy Machine

described in following transition table.

Inputs
] |
Present Next State Next State
State (PS) {(NS) (NS) Ontput
4y K q 0
# 0 % 1
) 9 4 Y
2 q 9o O

Solution : Letequivalent Mealy machine M, = (0,3,4,5,4",q,) » Where

L Q*{Q(nq},@’g,f]g,}
2. T ={01}
3. A= 10,1

4. )’ 1sdefined as following :

Forstate  qy2(g,.0) = 4(8(40,0) = A(gs) = 0
A(qe,1) = HE(gq,1) = Ag,3=1
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Forstate ¢q,:M (g0 = A3 (g, 0 = Alg) =1
V(gD = A8 (g, =rg) =0

Forstate g, :A (g2 0) = A(8(g.0) = A(gy) = 0
Mg = A B (gD)) = A(g) = 0

Forstate g, : A (g5, 0) = A (3(g5,0)) = A(gs) = 0

A(g3.1) = A(6(gs,1) = A{ge) =0
5. Transition is same for both machines, and

6. ¢, isthe inmtjal state.

Transition tabie !

Inputs

H i
P8 NS Qutput NS Output
4 4 0 @ 1
q 4 1 4, 0
a 5 0 3 0
qs VE! 0 /A 0

Conversion of Mealy Machine to Moore Machine
Theorem : If M, =(Q,%,A,8,2,q,) isaMealy machine then there exists a Moore machine
M, equivalentto M.
Proof : We will discuss proofin two steps.
Step 1 : Construction of equivalent Moore machine M, , and
Step 2 : Outputs produced by both machines are equivalent.
Step 1 : Construction of equivalent Moore machine M,
We define the set of states as ordered pair over O and A . There is also a change in transition
function and output fimction.
Let equivalent Moore machine M, = (Q',2,4,6",4".40)>
where |
1. O ¢ Q x A isthesetof states formed with ordered pair over O and 4,
2. v remains unchanged,
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3. A remains unchanged,
4. 5 isdefined as follows:
8 (g, bl.a) = [8(q,a) A (g,a)], where § and } are fransition function and output
function of Mealy machine.
3. isthe output function of equivalent Moore machine which is dependent on present state
only and defined as follows :
Mg 0D = b
6. 4, istheinitial state and defined as [g,, 5,1, where ¢, is the initial state of Mealy machine and
b, is any arbitrary symbol selected from output alphabet A .
Step 2 : Outputs of Mealy and Moore Machines
Suppose, Mealy machine M, enters states g, ¢,, ¢s,...9, On Pt a,, @5, gy, ....q, and
produces outputs &, b,, by, ... b, then M, entersthestates [g,, 5,1, (91> 5,1 {2, B 1o+ 2 [958, )
and produces outputs b, b, b,, ... b, asdiscussed in Step 1. Hence, outputs produced by both
machines are equivalent.
Therefore, Mealy machine M, and Moore machine M, are equivalent.

Example 1 : Consider the Mealy machine shown in below figure. Construct an equivalent
Moore machine.

FIGURE : Mealy Machine
Solution : Let M,=(0,2,AF,4.4,) is a given Mealy machine and
M, =(Q".2,A.8",4",q,") betheequivalent Moore machine,
where

L Q@ c{lgenllge. yElay. 71141, 31 g5, 2L 0g,. 1} (Since, O ¢ O x A)
2. £={0,1
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3. A= {myh
4. g,'=lge. ], where g, is the initial stateand y is the output symbol of Mealy machine,
5. § isdefinedas following:

Forinitial state{qg,, v] :
5’({616:})],8) - {5(9{) ,0),/1((]3 :0)} - {‘g} ,?’!]
5f(£q0:y}$1) = ié‘(QOJ):;"(QG 3)} = {an]
For state [g,, n} :
& ([g1, 11, 0) = 18 (q,0), % (41, 0} = [y, )]
Sf(l g1 H],l) = Is(‘h 32}17“(‘3“1 A )}:‘“{q 2 M}
For state Ig,, #n] :
8 ([g;,71 0) = [8 (g5, 0 A (g, O)] = 4y, 7]
& ([QE’ i“i], i) = [5 (QRS 1) E A (Q’z» 1)] = 592, }’}
For state [¢,, ¥] :
8 ([gqy, ¥L 0 = [8(q1; 0 A (g, B = g3, ¥]
8 ([g1, ¥}, 1) = B (g, 1. A (g1, D] = 42, 4]
For state {g,, ] :
8’ (IQb y]: 0) - [8 (QZo O)a /8 (‘32 :0)] = §QI.= H}
8 ([q, ¥1 1) = [8(q2, 1, A (g2: D] = [45, 1]

(Note : We have considered only those states, which are reachable from initial state)

6. 3 isdefined as follows :

Alge-y]l=Y
A g nl = n
A gy, ml = n
Mgyl =y

Migy,yi=y
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Transition diagram :

FIGURE : Moore machine

Example 2 : Construct a Moore machine equivalent to Mealy machine A, = (Q,.A.6,4, do)
descriped in following iransition table

Inputs
0 1
PS NS Ouiput NS Output
9, q, Z a4, &
Qs QJ 22 Qz Zz
gg {II Z; Qz zz

Solution :

Let M, = (Q,%.A,6,4,q,) is given Mealy machine and A, = (Q',2.A",8",4",4,') bethe
equivalent Moore machine, where

. gc {190, 21L190.2, Llge. 2. gy 221195, 2, L [g,. 2, 13 (Since, @' ¢ O x A)
Z=1{0,1

2
3. N = {55}
4

Let starting state ¢y'={g,,2,] where g, is the initial state and z, is the output symbol of
Mealy machine,
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5. & isdefinedas follows:

For initial state [g,, 2, 15 '(199, 2 1,0) = [8(40,0%,4(¢0,0)] =141 ,2y]
8'(14, 2, 11) = [8(go 1440 D] = 192:41]

(Nete : Both states {g,,z,] and [g,,2] arereachable from inifial state.}

For state [g;. 2,18 '([4,>71.0) = [6(4,.00,4(2,,01 =1a1,7,]
' g1, 21D = [8(g,1)40q: . 0] =14g4, 2]

For state [g,,2, 18 ([9;,% 10) = [6(g5.0%4(¢,,0)] = {9::2]
5'(q2> 2111 = [6(22 1% Ag2 10 = 42,23

(Note : Both states [g,,2,] and [g,,z,] are reachable states.)

For state {q,,2, 16 '((4y, 2, 1b0) = [6(q,.00.4(4:,0)] =1g:,2.]
'L gy, 2, B0 = [8(g D Agr Dl =94, 21]

For state {g,,2, 18 ([ 42,2, 1.0) = [6(g,.0),4(2,,0)] =lg:,%]

8'([45572 1) = [8(q31),4(q, D] = 142,72, ]
(Note : We have considered only those states, which are reachable from initial state.)
6. o isdefined asfollows:

Alaysz}= 5
Algpal= 2
A4z, 21 = 2
Algy.z 1= 2,
A1g2,22]1= 2,
Transition Table

Inputs
0 1
PS NS NS QOuiput
{490.%] (g, 21} 191,%] Z
[g1521] [g1:2,} (92, 4] |
142,71 fq.24] 19,,2,] ¥4
91.2:] {q1.27,] 925211 Z
{92=22] [‘:lezd [42,22] Zy
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2.8 EQUIVALENCE OF FSMs

"Two finite machines are said to be equivalent if and only if every input sequence yields identical
output sequence.

Example :
Consider the FSM A, shown in figure (2) and FSM A, shown in figure (b).

N G

Figure (b)

Arethese two FSMs equivalent ?
Solution :

We check this. Consider the input strings and corresponding outputs as given following ;

input string Cutput by A, Qutput by A,
(H o1 00 00

(2) 010 001 001
(30101 0011 0011
4) 1000 - 011t 0111

{5) 10001 01111 01111

Now, we come to this conclusion that for each input sequence, outputs produced by both machines
are identical. So, these machines are equivalent. In other words, both machines do the same
task. But, A/, hastwo states and M, has four states. So, some states of M, are doing the same
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task i. e., producing identical outputs on certain input. Such states are known as equivalent states
and require extra resources when implemented.
Thus, our goal is to find the simplest and equivalent FSM with minimum number of states.

2.51 FSMMinimization

We minimize a FSM using the following method, which finds the equivalent states, and mesges
these into one state and finally construct the equivalent FSM by minimizing the number of states.

Method : Initially we assume that all pairs (gq,q,) over states are non - equivalent states

Step 1 : Construct the transition table.

Step 2 : Repeat for each pair of non - equivalent states (g,.4,)
(a) Do ¢, and g, produce same output ?
(6) Do g, and g, reachthe same states foreachinput g € Z?
(¢)  If answers of (a) and (b) are YES, then ¢, and g,are equivalent states and
merge these two states into ope state [g,,¢,] and replace the all occurrences of
g, and g, by [g,.¢;] and mark these equivalent states.

Step 3 : Check the all - present states, if any redundancy is found, remove that.
Step 4 : Exit.

Example 1 : Consider the following transition table for FSM. Construct minimum state FSM.

Inpuis
) 9 1

Present Next State Next State

State(PS) {NS) {NS} Cutput
go ‘Jc Qt 0 ’
g, 4. s 1
g, 4 e 1
g g, 4, 1
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Solution :

Pairs formed over {g,.9,.92.93} 8¢ (4.9 )4q0:421(G0-931(q1:92 ) (81:95)» (43.935) -
Consider the pair (4,.9,) :

A(gy)=0
My )=1

Hence, g, and g, are not equivalent.

Consider the pair (g,.9,) !
Ago)=10 -
Agy)=1

Hence, g, and g, are not equivalent

Consider the pair (¢,.4,) :
A¢o)= 0
Algs)=1
Hence, ¢, and ¢, are not equivalent

Consider the pair (g,.9,) :
Agi)=1
A(g;)=1
Outputs are identical .
Now, consider the transition :
8(q:,0)=9q,, 6{(q,.1)= g,
5(@2 ’O)»:; YER 5(4231):" 4y
So, transitions from ¢, and ¢, are noton the same state for 0 input.
Hence, g, and ¢, are notequivalent
Consider the pair (4,,9,) :
Ag=1
A(gs)=1
Outputs are identical .
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Now, consider the transition :

§(q1,0)=a,, 5(q1sD)= ¢,

5(qs.0)=q5, 8(¢3,1)= 4o
So, transitions from ¢, and ¢, are not on the same state for 0 input.
Hence, g, and g, arenot equivalent.

Consider the pair (¢,.4.) :
Ag;)=1

Algy)=1

Quiputs are identical .
Now, consider the transition :

5(q,,0)= ¢35, 8(g2:.D)= 4

5(q:,0)= g5, 6(9;5.1)= 4
So, transitions from g, and g, are identical for inputs Oand 1.
Hence, ¢, and g, are equivalent states.

So, merging ¢,and g, into [g,.9,] torepresent one state and replacing ¢, and ¢, by [4,.6,1,
we have following intermediate transition table 1.
Intermediate transition table 1

0 Inpufs
Prosent State Next State Next State
(PS) (NS) (NS) Output
- g, s 4 0
g [92.45] : s 1
{92:95) (92951 4, 1
(q:.4:) (42,451 | 4s 1

Applying Step 2 further on intermediate transition table we see that g,.q,.q,] are equivalent
siates. '
So, replacing ¢, and {g,.95]1 bY [4,.9,.9,], we have intermediate transition table 2.
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Intermediate transition table 2

0 Inputs ’
Present State Next State Next State
Ps) (NS) (NS) Output
-> 4, g, [91:95:95] 0
(41,9291 [41:92545] 4o 1
19142951 101:495:95) Ty 1
9192451 91925951 9 1
Applying Step 3 and removing redundancy, we have to delete two rows.
Now, we have the following final transition table 3 :
Transition table 3
0 Inputs 1
Present State Neoxt State Next State
(PS) (NS) {NS) Qutput
¥ 4, 4, [QZ 2y ] 0
[9)4,.45] 1919,-95} &y 1

Transition diagram :

Example 2 : Consider the following transition table of a Mealy machine. Construct minimum state

Mealy machine,

Inputs
0 1
PS N S Output N § Output
- q, o g, 0
g, 4o A 1
g, 4, 7, 1
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Solution : Last two rows of transition table show that states g, and g, are equivalent states.
So, replacing these states by [g,.¢, ], wehavethe following intermediate transition table.

Inputs
0
PS NS Qutput N S Quiput
=» gy qy {9:.42] 6
[g1:92] o 1919, ]
[4:9,] o (915921 1
Deleting the last row, we have the following final transition table.
inputs
0
PS NS Qutput N 5 Cutput
-» Gy 0 [41:4] 0
191,421 o {g1,95] 1




